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1 Introduction and Main Results 

The purpose of this paper is to establish a completely new partial regularity theory on certain 
homogeneous complex Monge- Ampere equations. Our partial regularity theory will be obtained 
by studying foliations by holomorphic curves and and their relations to homogeneous complex 
Monge-Ampere equations. As applications, we will prove the uniqueness of extremal Kahler 
metrics and give an necessary condition for existence of extremal Kahler metrics. Further 
applications will be discussed in our forthcoming papers. 



1.1 A brief Tour of Extremal Kahler Metrics 

Following [3], we call a Kahler metric extremal if the complex gradient of its scalar curvature 
is a holomorphic vector field. In particular, any Kahler metric of constant scalar curvature is 
extremal, conversely, if the underlying Kahler manifold has no holomorphic vector fields, then 
an extremal Kahler metric is of constant scalar curvature. It follows from the standard Hodge 
theory that a Kahler metric of constant scalar curvature becomes Kahler-Einstein if its Kahler 
class is propotional to the first Chern class of the underlying manifold. 
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In the 50's, E. Calabi proposed the problem of studying existence of Kahler-Einstein metrics 
on compact Kahler manifolds with definite first Chern class. In 1976, S. T. Yau solved the 
famous Calabi conjecture. A corollary of this implies that any Kahler manifold with vanishing 
first Chern class has a Calabi- Yau metric, that is, a Ricci-flat Kahler metric. Around the 
same time, T. Aubin and S. T. Yau independently proved existence of Kahler-Einstein metrics 
on compact Kahler manifolds with negative first Chern class. The remaining case is technically 
more involved. In 0^, the second named author proved that a complex surface with positive first 
Chern clas admits a Kahler-Einstein metric if and only if its automorphism group is reductive. 
For higher dimensions, he proved in [2Z| that the existence of Kahler-Einstein metrics with 
positive scalar curvature is equivalent to an analytic stability of the underlying Kahler manifold. 
It remains open how this analytic stability is related to certain algebraic stability from geometric 
invariant theory (cf. ^7\, [301, !ll!-!^4j. [25|). There has not been much progress made on the 
existence of general extremal metrics, even in the case of complex surfaces. One possible reason 
is that the corresponding equation is highly nonlinear and of 4th order. We will give an necessary 
condition for existence of extremal metrics. 

On the other hand, there have been many results on uniqueness of extremal metrics. Using 
the maximum principle, E. Calabi observed in 50's that Kahler-Einstein metrics of non-positive 
scalar curvature are unique in their Kahler class. In Bando and Mabuchi proved uniqueness 
of Kahler-Einstein metric of positive scalar curvature modulo holomorphic automorphisms. In 
j^ilj . X.H. Zhu and the second named author proved uniqueness of Kahler- Ricci Solitons on 
any Kahler manifolds with positive first Chern class. Following a suggestion of Donaldson, the 
first named author proved in [S] uniqueness for Kahler metrics of constant scalar curvature in 
any Kahler class when the underlying manifold has non-positive first Chern class. In S. 
Donaldson proved that Kahler metrics of constant scalar curvature are unique in any rational 
Kahler class on any projective manifolds without non-trivial holomorphic vector fields.^ 

In this paper, we will prove 

Theorem 1.1.1. Let (M, $7) be a compact Kahler manifold with a Kahler class Q £ i?^(M, M)n 
H^'^{M,C). Then there is at most one extremal Kahler metric with Kahler class $7 modulo 
holomorphic transformations, that is, if uJi and uJ2 are extremal Kahler metrics with the same 
Kahler class, then there is a holomorphic transformation a such that a*uJi = uj2- 

In order to give a necessary condition for the existence of Kahler metrics with constant 
scalar curvature, we recall the K-energy introduced by T. Mabuchi in ^Hl- For any (p with 
uj + y/—ldd(p > 0, which will be denoted by uj^, define 



^During preparation of this paper, we learned from T. Mabuchi that he was able to remove the assumption on 
non-existence of holomorphic vector fields in the special case of projective manifolds. 
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where uj^^ is any path of Kahler metrics joining uj and u^, s{uj(f,^) denotes the scalar curvature 
and n is its average. It turns out that /i is determined by the first Chern class ci{M) and the 
Kahler class 

Theorem 1.1.2. Let M he a compact Kahler manifold with a constant scalar curvature Kahler 
metric uo. Then Etj((/>) > for any (f) with to^ > 0. 

This theorem was proved for Kahler-Einstein metrics in ^ (also see H7j) and in |H] for 
Kahler manifolds with non-positive first Chern class. ^ This theorem can be also generalized to 
arbitrary extremal Kahler metrics by using the modified K-energy. This theorem gives a partial 
answer to a conjecture of the second author: M has a constant scalar curvature Kahler metric 
in a given Kahler class [to] if and only if the K-energy is proper in a suitable sense on the space 
of Kahler metrics with the fixed Kahler class [uj] . Combining Theorem 11.1.21 with results in j3Uj 
and (2^, we can deduce 

Corollary 1.1.3. Let {M,L) be a polarized algebraic manifold, that is, M is algebraic and L 
is a positive line bundle. If there is a constant scalar curvature Kahler metric with Kahler class 
equal to ci(L), then {M, L) is asymptotically K-semistable or CM-semistable in the sense of \27i 
(also see 130]) ^. 

1.2 Space of Kahler Metrics. 

Now let us explain how the above theorems can be proved. First let us give a direct approach 
suggested by S. Donaldson and developed in [S]. Let a; be a fixed Kahler metric on M. It follows 
from Hodge theory that the space of Kahler metrics with Kahler class [w] can be identified with 
the space of Kahler potentials 

nuj = {(t)\u}4, = u} + V^dd(j) > on M}/ ~, 

where (pi ~ (p2 if and only if (/>i = (p2 + c for some constant c. We will drop the subscript uj if no 
possible confusion may occur. A tangent vector in T^TC is just a function (j)Q such that 

/ clJouj; = 0. 
Jm 

Its norm in the L^-metric on Ti. is given by (cf. |2Uj ) 

\\<Po\\l= [ V^;. 

JM 

After we finished the first draft of this paper, we learned that S. Donaldson proved this theorem in the case 
of projective manifolds and without holomorphic vector fields His method is completely different from ours. 
■^According to |25|. the CM-stability (semistability) is equivalent to the K-stability (semistability). 
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A straightforward computation shows that the geodesic equation of this metric is 



4>"{t)-^{d^',dcp')^ = 0. 

where (•,•)</, denotes the natural inner product on T*M induced by the Kahler metric u!^, 
4>{t) G Ti for any t G [0, 1] and 0', (f)" denote the derivatives of (j) on t. Set 4>{t, 6, x) = for 
t & [0,1], 9 £ and x £ M, then the path {4>{t)} satisfies the geodesic equation if and only if 
the function on [0, 1] x x M satisfies the homogeneous complex Monge- Ampere equation 

\n+l 



(vr^cj + V^dd(t>r+' = 0, on S x M, (1.1) 

where S = [0, 1] x and tt2 :TiX M ^ M and vri : S x M S are two orthogonal projections. 
Using the convexity of the K-energy along geodesies of the L^-metric, S. Donaldson observed in 
jlUj that both Theorem 1.1.1 and 1.1.2 follow if one can show: For any (j)o,(pi G 7i, (|1.1() has 
a smooth solution (p such that (p{t,9,-) G 7i, 4>{0,9,-) = (j)o and 4>{1,9,-) = (pi. However, this 
turns out to be a very difficult problem and remains open until now. In fact, one can consider 
Hl.lj) over a general Riemann surface T, with boundary condition (p = (pQ along 3S, where (pQ is 
a smooth function on x M such that (Pq{z, ■) € Ti for each z G dTi.^ It also has geometric 
meaning. The equation (|1.1|) can be regarded as the infinite dimensional version of the WZW 
equation for maps from S into 7i (cf. JOl)-^ The following theorem was proved by the first 
named author in 8^ and will play a fundamental role in this paper. 

Theorem 1.2.1. (^81) For any smooth map cpQ : dT, TC, there exists a unique C^'^ solution (p 
of such that cp = (pQ on (?S and cp{z, ■) ^Ti for each z G S.^ 

The lack of sufficient regularity for above solution is the obstruction to proving Theorem 1.1.1 
and 1.1.2 in general cases by using geodesies. We should point out that complex Monge- Ampere 
equations have been studied extensively (cf. ^7j) CH|) Hj etc.). However, the regularity for 
homogeneous complex Monge-Ampere equations beyond C^'^ has been missing. Indeed, there 
are examples in which some solutions are only C^'^, here is a simple example: Let be the unit 
ball in and define 



u 



(i-lziH^ if kir>i; 

(i-lz^n^ if W?>\; 
then {ddu)"^ = on 17 and u\qq_ is smooth, but u is only C-^'^. 



if |zi|Mz2p<^; 



*we often regard (j)o as a smooth map from 9E into 7i. 

^Original WZW equation is for maps from a Riemann surface into a Lie group. 
Here 7i denotes the closure of Ti. in any C^'"(E X M)-topology (V Q G (0, 1)). A function ip e H \i there 
exists a sequence of potential functions {</?m G 7i, m £ N} with uniform C^'^ bound such that Lpm (p in weak 
C^'^ topology. 
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Therefore, it may not be possible to have smooth solutions for with general boundary 
values. Of course, our boundary values are special and they satisfy certain positivity condition, 
that is, any boundary function 0o takes values in TC. This fact will play a crucial role in our 
approach. 

1.3 An Approach to Uniqueness and lower bound for the K-energy 

Our proof of Theorem 1.1.1 and 1.1.2 starts with the following observations: Given two functions 
(j)Q and (pi in 7i, if there is a sufficiently nice solution (j), which is not necessarily smooth, of Hl.l|) 
on [0, 1] X M X M, then the evaluation function / = E{(j){z, •)) is bounded, subharmonic'' and 
constant along each boundary component of [0, 1] x M. Furthermore, if (po is a critical metric of 
E, then it follows from the Maximum principle that £((/>! ) > E(0o) and equality holds if and 
only if each (j){z, •) is a critical metric of E. The infinite strip [0, 1] x M can be approximated by 
bounded disks. Hence, if (|1.1|) has a uniformly bounded and sufficiently smooth solution when 
S is a disk, then Theorem 1.1.1 and 1.1.2 follow. 

In this paper, we will establish a partial regularity theory for (jLlj) in the case that S is a 
unit disk. This seems to be the first partial regularity theory for homogeneous complex Monge- 
Ampere equations. 

First let us introduce some notations. Suppose that (/> is a C^'i solution of jn}, we denote 
by TZff, the set of all {z,x) £ T, x M near which (p is smooth and ^0(2',.) = + \/—ldd(j){z' , •) is 
a Kahler metric. We may regard TZ^ as the regular set of (f). It is open, but aprior, it may be 
empty. We have a distribution C T($] x M) over TZ^: 

'D^\(z,x) = {v^T^^xT-,M \i^{TT*20J + V^ddcl)) =0}, {z,x)en^. (1.2) 

Here i„ denotes the interior product. Since the form is closed, is integrable. We say that TZfj, 
is saturated in V C S x Af if every maximal integral sub-manifold of P,^ in T?.^ n V is a disk and 
closed in V. By nature of product manifold, we may write any vector in D^p as (after re-scaling) 

^ + X G I where X G T^^^M. (1.3) 

Definition 1.3.1. A solution (j) of is called partially smooth if it is C^'^ -bounded onTiX M 
and TZ(f) is open and saturated in T, x M , hut dense in dT, x M , such that the varying volume 
form ^^(^z ■) extends to a continuous {n,n) form on S*^ x M, where T,^ = (S\(9S). 

Clearly, if i;^ is a partially smooth solution, then its regular set 7^^ consists of all points where 
the vertical volume form ^2{z •) positive in S x M. 

Theorem 1.3.2. Suppose that T, is a unit disk. For every smooth map cpo : 9S — > TC, there 
exists a unique partially smooth solution to 

^This follows from sub-harmonic property of the K-energy with respect to almost smooth solution as shown 
in the subsequent computation. 
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In particular, this theorem imphes that the C^'^ solution from jS, is smooth on some open 
subset of S X M which is also dense in x M. We expect this density property holds in interior 
as well. Indeed, it is true for generic boundary values, moreover, we can estimate the size of the 
singular set = T, x M\TZ^. 

Definition 1.3.3. We say that a solution (p of is almost smooth if 

1. it is partially smooth, 

2. The distribution extends to a continuous distribution in a saturated set V C S x M , 
such that the complement ofV is locally extendable^ and (j) is continuous on V. The 
set S(f) is referred as the singular set of (j). 

3. The leaf vector field X is uniformly bounded in T>^. 

A smooth solution is certainly an almost smooth solution of For a sequence of almost 

smooth solutions whose boundary values converge in certain smooth topology, then it converges 
to a partially smooth solution in "^-topology (0 < (3 < 1). 

Theorem 1.3.4. Suppose that T, is a unit disk. For any 0^'°^ map (pQ : 5S Tl (k > 2, 

< a < 1) and for any e > 0, there exists a (p^ ■ dT, 7i in the e-neighborhood of (po in 
C^'"{Ti X M)-norm, such that has an almost smooth solution with boundary value cp^. 

This partial regularity is sharp since we do have examples (at least implicitly) where the 
solution for corresponds to a singular metric (cf. P3])- 

Theorem ll.l-{.2l will be derived from Theorem 11.1141 by using estimates developed in late 
sections.^ The importance of Theorem 11.3.41 lies in the following theorem, which implies that 
an almost smooth solution is as good as a smooth solution when one concerns the K-energy. 

Theorem 1.3.5. Suppose that tp is a partially smooth solution to For every point 2 € S, 

let E(2;) be the K-energy (or modified K energy) evaluated on (p{z, •) € TC. Then 'E is a bounded 
subharmonic function on E in the sense of distribution, moreover, we have the following 

f 0(p \J 1 { 9E 

where ds is the length element of dT, and for any smooth function 6, T)6 denotes the (2,0)-part 
ofO's Hessian with respect to the metric co^z,-)- The equality holds if (p is almost smooth. 

*A closed subset S (ZT,x M of measure is locally extendable if for any continuous function in E x M which is 
C^'^ onEx M\S can be extended to a C^'^ function on E x M. Notice that any set of codimension 2 or higher 
is automatically locaUy extendable. 

''it is beUeved that for any smooth boundary map (f>o '■ dT, i—* Tt, the corresponding C^'^ solution is almost 
smooth. It is also interesting to estimate precise size of S^. 
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Theorem II . 1 . 21 follows from this theorem and the observation on subharmonic functions over 
an infinite strip at the beginning of this subsection. 
Another corollary of this theorem is 

Proposition 1.3.6. If there are two constant scalar curvature metrics (resp. two extremal 
Kdhler metrics), there exists a path in TL of C^'^- functions (j)t < t < 1) which connects those 
two metrics, such that the K-energy (resp. modified K energy) achieves its minimum at every 
(pt along the path. 

It was conjectured by the first named author that any C^'^ function which attains the absolute 
minimum of the K-energy (or the modified K-energy) is actually smooth (cf. [H], [3). In this 
paper, we will confirm this conjecture in the case that the function arises from Proposition 
11.3.61 This is sufficient for completing the proof of Theorem 11.1.11 that is, the uniqueness 
theorem of extremal Kahler metrics in any given Kahler class. The conjecture will be proved 
by first establishing a partial C^-regularity for the vertical volume form of any C^'^ K-energy 
minimizers. 

The major part of this paper will be devoted to proving these main technical results as we 
described above. We believe that our techniques developed in this paper can be applied to 
studying regularity of a much wider class of degenerate complex Monge- Ampere equations. 

1.4 Ideas for Proof of Theorem 11.3.41 

It has been known for a long time that solutions of the homogeneous complex Monge- Ampere 
equation are closely related to foliations by holomorphic curves (cf. [^, JJ). In [^, S. 

Semmes formulated the Dirichlet problem for (|l.lj) in terms of a foliation by holomorphic curves 
with boundary in a totally real submanifold of the complex cotangent bundle of the underlying 
manifold. 

In [201 (also see |11|). Semmes constructed a complex manifold W[t^] with a holomorphic 
(2,0)-form G) to each Kahler class [a;]. There is a natural projection vr : Wj^^] i— > M. He 
observed that for any <p gTL, we can associate a complex submanifold A<^ in yV[uj] such that 

eu, = -V^cv^, (1.4) 

that is, Re(0)|A^ = and — Im(0)|A^ = ujtf, > 0. Locally, A,^ is simply the graph of d{p + 4>) 
where uj = \/—lddp. This means that A^ is an exact Lagrangian symplectic submanifold of V^iuj] 
with respect to 0. Conversely, given an exact Lagrangian symplectic submanifold A of W[^;], one 
can construct a smooth function (j) such that A = A^. Hence, Kahler metrics in the Kahler class 
[uj] are in one-to-one correspondence with exact Lagrangian symplectic submanifolds of W[^] . 
Given (j)Q : dT, 7i, define 

= {{t,v) G as X I V G A^„(^) }. (1.5) 
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One can show that A^^ is a totally real sub-manifold in S x Wj^;]. So it makes sense to study 
the moduli space of holomorphic disks with boundary in A^^ . Its significance is clear from the 
following result from (also see jllj). 

Proposition 1.4.1. Assume that S is simply connected. For any boundary map (pQ : dT, TC, 

there is a solution (p £ C°^(T,,7i) of with boundary value (po if and only if there is a smooth 
family of holomorphic maps /i^. : S i-^ ^[t<j] poifametrized by x € M satisfying: (1) 7r{hx{zo)) = x, 
where zq is a given point in (2) h^^r) G ^<t>o{T) /''^ each r G dT, and x S M ; (3) For each 

z S S, the map 72(2;) = ■K{hx{z)) is a diffeomorphism of M . 

In [TT], S. Donaldson used this fact to study deformations of smooth solutions for as 
the boundary value varies. This inspired us to study foliations by holomorphic disks in order to 
have a partial regularity theory for Theorem ll. 1141 will be proved by establishing existence 

of foliations by holomorphic disks with relatively mild singularities. More precisely, we will show 
that for a generic boundary value, there is an open set in the moduli space of holomorphic disks 
which generates a foliation on S x M\S for a closed subset S of codimension at least one. 

Now let us fix a generic boundary value (pQ and study the corresponding moduli A^,/,o of 
holomorphic disks. First it follows from the Index theorem that the expected dimension of 
this moduli is 2n. Recall that a holomorphic disk u is regular if the linearized (9-operator du 
has vanishing cokernel. The moduli space is smooth near a regular holomorphic disk. Follow- 
ing we call u super-regular if there is a basis si,--- , S2n of the kernel of du such that 
(i7r(si)(x), • • • ,dT:{s2n){x) span r„(^)M for every x G S, where vr : S x W[^] 1-^ S x M is the 
natural projection. We call u almost super-regular if (i7r(si)(x), • • • , dT[{s2n){x) span T^i^^-^M for 
every x G Clearly, the set of super-regular disks is open. 

One of our crucial observations is that Semmes' arguments can be made local along super- 
regular holomorphic disks. First let us introduce the notion of a nearly smooth foliation. 

Definition 1.4.2. A nearly smooth foliation J^^^ associated to a boundary value (po is given by 
an open subset U^^ C A4(^g of super-regular disks whose images inT, x M give rise to a foliation 
on an open-dense set ofTxM such that 

1 . this foliation can be extended to be a continuous foliation by holomorphic disks in an open 
set V<^g C ($]\9E) X M such that it admits a continuous lifting inT x Wm', 

2. the complement of V^q inT x M is locally extendable. 

3. The leaf vector field (cf. definition below) induced by the foliation in V,/,,, is uniformly 
bounded. 

Definition 1.4.3. For each {z,x) G V^q, the leaves ofV^fx^ give rise to a vector field of the form 

-^ + X, where X G TI'^M. 
dz ^'^ 

This X is called the leaf vector field in V^g . 
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Proposition II .4. D has the fohowing generahzation. 



Theorem 1.4.4. Almost smooth solutions of U.l\) are in one-to-one correspondence with nearly 
smooth foliations. Moreover, if (j)Q is generic, the corresponding almost smooth solution (f) has 
additional properties: is a smooth (1, 1) form in T, x M \ and the singular set 5^ has 
codimension at least 2 in each slice {z} x M, \/ z € T,^.^^ 

Thus, in order to prove Theorem II .3 .41 we only need to show the fohowing 

Theorem 1.4.5. For a generic boundary value (j)Q, there is a nearly smooth foliation associated 
to (j)Q generated by an open set U^^ of the corresponding moduli space A^0q. Moreover, the set 
of holomorphic disks which are neither super-regular nor almost super-regular has codimension 
at least two in the closure oflA^^ in A^^q- 

The idea for proving Theorem 11.4.51 is outlined as follows. Let be a generic boundary 
value such that A1<^o smooth. This follows from a result of Oh on transversality. By the same 
transversality argument, one can show that there is a generic path </>t (0 < t < 1) such that 

= and the total moduli M. = Ute[o i] ■^(t>t is smooth. Moreover, we may assume that J^(f,t 
are smooth for all t except finitely many ti, • • • ^t^ where the moduli space may have isolated 
singularities. It follows from Semmes and Donaldson's work — Proposition II .4. 1] that A^i has at 
least one component which gives a foliation for E x M. We want to show that this component 
will deform to a component of A^^^ which generates a nearly smooth foliation. We will use the 
continuity method. Assume that <j) is the unique C^'^-solution of (|1.1|) with boundary value 4>t 
for some t G [0, 1]. Let / be any holomorphic disk in the component of M(f)t which generates 
the corresponding foliation. 

Using the C^'^ bound on cj), one can have a uniform area^^ bound on holomorphic disks 
in Ai^f It follows from an extension of Gromov's compactness theorem that any sequence 
of such holomorphic disks has a subsequence which converges to a holomorphic disk together 
with possibly finitely many bubbles. These bubbles which occur in the interior are holomorphic 
spheres, while bubbles in the boundary might be holomorphic spheres or disks. We will show that 
no bubbles can actually occur. According to E. Calabi and X. Chen jS], this infinite dimensional 
space Ti. is non-positively curved in the sense of Alexanderov. Heuristically speaking, we can 
exploit this curvature condition to rule out the existence of interior bubbles. One can also rule 
out boundary bubbles by using the non-positivity and totally real property of the boundary 
condition. Since there are no bubbles, the Fredholm index of holomorphic disks is invariant 
under the limiting process. This is an important fact needed in our doing deformation theory. 

In order to get a nearly smooth foliation, we need to prove that the moduli space has an 
open set of super-regular holomorphic disks for each t. First we observe that the set of super- 

^"The corresponding nearly smooth foliations have additional properties and will be called almost super-regular 
foliations (cf. Section 3.3). 

^^We actually calculate area of the image of disks in E x M. 
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regular disks is open. Moreover, using the transversality arguments, one can show that for a 
generic path (pt, the closure of all super-regular disks in each Mcf^ is either empty or forms an 
irreducible component. This implies the openness. It remains to prove that each moduli has 
at least one super-regular disk. It is done by using capacity estimates and curvature estimate 
along super-regular holomorphic disks (cf. Sections 4 and 5 for details). 

1.5 Organization 

In Section 2, we establish the correspondence between homogeneous complex Monge-Ampere 
equations and foliations by holomorphic curves. The goal is to prove Theorem ll.4.41 The proof 
is based on a local version of Semmes' construction. Semmes's construction is global in nature 
and was re-diskovered in Donaldson's work In Section 3, we show necessary transversality 
results. In particular, we show that the set of boundary values such that corresponding moduli 
space M induces an almost super regular foliation is generically open. In Section 4, we study 
the defomation of holomorphic disks arising from a smooth solution to a homogenous complex 
Monge-Ampere equation. This is a local theory which is used in Section 2,3 and late sections 
as well. In Section 5, we prove the set of boundary values such that corresponding moduli space 
M induces an almost super regular foliation is closed. This will be done by proving a volume 
ratio estimate via a capacity argument. In Section 5, we prove that the K energy function is 
subharmonic when restricted to a disk family of almost smooth solutions, which in turns implies 
that the K energy function is always bounded from below. In section 7, we derive a partial C^- 
regularity for the vertical volume form of any C^'^ K-energy minimizer. We need to introduce 
a notion of weak Kahler Ricci flow to derive this a prioir estimate. In Section 8, we prove the 
uniqueness result for extremal Kahler metrics. In the Appendix, we discuss the Loop groups 
of GL{n, C) and their relation to holomorphic discs. This is essentially written by Professor E. 
Lupercio. 

Acknowledgement The first author is grateful to S. K. Donaldson for insightful discussions 
and constant encouragements during this project and over years, in particular, the first author 
is deeply indebted to him during the period of time when both of us were visiting Stanford 
University in 1998. 

2 Foliations and the Homogenous comlex Monge Ampere Equa- 
tion 

In this section, we diskuss the correspondence between homogeneous complex Monge-Ampere 
equations and foliations by holomorphic disks. We will prove Theorem ll.4.41 



11 



2.1 Semmes' construction 

In pnj, Semmes associated a complex manifold Wj^j to each Kahler class [uj]: Let {Ui,i £ 1} 
be a covering of M such that uj\ui = V~^ddpi, where I is an index set. For any x = y £ 
Ui n Uj{i,j G Z), we identify {x,Vi) £ T*Ui with {y,Vj) £ T*Uj if = vj + — pj). Then 
VV[j^] consists of all these equivalence classes of [x,?;^]. There is a natural map vr : >V[^] i— > T*M, 
assigning {x,Vi) £ T*Ui to {x,Vi — dpi). Then the complex structure on T*M pulls back to a 
complex structure on yV[^], moreover, there is also a canonical holomorphic 2- form Q on Wf^^], 
in terms of canonical local coordinates Za^^a (a = 1, • • • , ra) of T*C/j, 

B = dzc, A d^Q,. 

Now for any (p £ 7i, we can associate a complex submanifold in W^^j: For any open subset 
U on which a; can be written as \/—lddp, we define A^lu C W^^j to be the graph of d{p + (p) in 
T*[/. Clearly, this A,^ is independent of the choice of U. A straightforward computation shows 

eU, = -^u;^, (2.1) 

that is, Re(G)|A^ = and — Im(0)|A^ = a;,;!, > 0. This means that A^ is an exact Lagrangian 
symplectic submanifold of W[(^] with respect to 0. Conversely, given an exact Lagrangian 
symplectic submanifold A of W[^], we have a smooth function (p such that A = A^. Hence, 
Kahler metrics with Kahler class [uj] are in one-to-one correspondence with exact Lagrangian 
symplectic submanifolds in . 

This was briefly diskussed in our introduction. We refer the readers to both [22] and jJJ for 
more details. For the readers' convenience, let us briefly explain the proof of Proposition II. 4. II 
Let <p he a solution of on S x M such that (p{z, ■) £ Ti. for any z £ T,. Recall that there is 
an induced distribution C r(S x M) by 

V^\p = {v£ Tp(S X M) I i^iir^oj + ^/^^^(p) = }, p G S x M. (2.2) 

It is a holomorphic integrable distribution. If S is simply-connected and 4>{z, ■) £ TC for each 
z G S, then the leaf of containing {zq,x) is the graph of a holomorphic map : S i-^ M 
with fx{zo) = X. If we write fxiz) = crz{x) we get a family of diffeomorphisms cj^ of M with 
= Id^,/ • Now for any fixed z we have a Kahler form u + \/—ldd(p{z, •) on M and hence 
a section Sz ■ M Wj^j whose image is the exact Lagrangian symplectic graph A^(^z,-)- Then 
hx{z) = "Jzix) = Szifxiz)) as required. This process can be reversed. Since we have to carry out 
this reversed process in the proof of Theorem 11.4.41 we omit details here and refer the readers 
to the next subsection. 

2.2 Local Uniqueness for Equation (II. Ij) 

We will prove uniqueness of compatible solutions for (|1.1|) near a super-regular disk. We will 
define a compatible solution as follows. 
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Given a boundary value (po on dT, x M. Suppose that is a nearly smooth foliation (cf. 
Definition ll.4.2|) . A solution (p of 1)1.1(1 with boundary value 0o in an open subset V C S x M 
is called compatible with this foliation J^iffg if 

1 . V is saturated with respect to J^ff^^ ; 

2. u + \/ —ldd(j){z, •) is a family of Kahler metrics on M; 

3. The kernel of 7r2u; + \/—ldd(p lies in the distribution induced by J^^^. 

Theorem 2.2.1. Two compatible solutions of with respect to the nearly smooth foliation 

J-(j,Q coincides along the intersection of their domains. 

We will adopt the notations from previous sections. First we recall the integrable distribution 

V^\^,^^-) = {v(^T,'^xT^M\i^{'K*2UJ + ^dd4>)={)], (z,x)G7^0. (2.3) 

Here iy denotes the interior product. Since TZ^ is saturated, every maximal integral submanifold 
of in TZ^ is a disk and closed in S x M. 

Lemma 2.2.2. For any f G ^0,,' suppose that Of is a saturated open neighborhood of the image 
of f in T, X M. Suppose that (j)f is a solution of on Of compatible with J-^q- Then, for 

any / : S i— > V(^q such that the image of n ■ f lies completely inOf, we have 

^ (</.y(vr o />))) = -|a(7r o (vr o /»), V z G S, (2.4) 

and 

(t>f{7rof{z)) = M^°f{z)), VzGaS. (2.5) 

This lemma implies that is uniquely determined by only the geometric conditions along 
the image of each leaf. Theorem 12.2.11 follows from this lemma. 

Using this theorem, we can patch together cpf, initially defined on small open, saturated sets 
around a super regular leaf , to obtain a smooth potential function (p in U^^. This function </> 
solves (fTTj) and satisfies (jTH) - (^3)) . 

2.3 Almost Smooth Solutions Nearly Smooth Foliations 

In this subsection, we establish the equivalence between almost smooth solutions of (|1.1() and 
nearly smooth foliations. This generalizes Semmes' construction. We will adopt notations from 
previous subsections. 

Proposition 2.3.1. An almost smooth solution to the equation with boundary value (po 

induces a nearly smooth foliation associated to (pQ. 
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Proof. Let (p be an almost smooth solution with boundary value </>o : dT, h-> TC. For every 
point {z, x) G TZ^, there is a unique holomorphic map / G M.4,0 whose corresponding map 
7ro/:Si-^SxAf passes through (z, x). The property that TZ/p is saturated implies that vr o / 
is a holomorphic disk and extends to the boundary of S x M. According to Donaldson JLI., such 
a holomorphic disk is super-regular. All these super-regular disks from TZ^jj^ give rise to this 
open set Z/Z^^ C A^^q- '^^^ other two conditions of a nearly smooth foliation can be verified in 
a straightforward fashion. In other words, an almost smooth solution indeed induces a nearly 
smooth foliation J^^^. □ 

Theorem 11.4.41 follows from the above proposition and the following. 

Theorem 2.3.2. If is a nearly smooth foliation (cf. Definition \1.4-^ associated to a 
boundary value (po : dT, TC, then there is an almost smooth solution (j) to M.l)) with boundary 
value 

The rest of this subsection is devoted to proving this theorem. Let U^^^ and Vcf,^ be the open 
subsets of A^(/,o and S x M as given by ^F^,^. By definition, the induced foliation in V^^ can be 
extended to be a continuous foliation by holomorphic disks in an open and dense subset V^^ 
such that it admits a continuous lifting to S x Wa/. Moreover, S x M\V^q is locally extendable. 

Proposition 2.3.3. There is a smooth family of non- degenerate, closed (1,1) forms •) 
defined on V^g n {z} x M and a closed (1,1) form in V^q such that 

1. oj = u)ff)^^ in dT, x M, wherever ui is defined; 

2. The restriction of u) to each leaf is a constant form; 

3. is defined by the following conditions: 

^\{z}xM=^, and i^+x^ = 0' 
where X is the leaf vector field in V^q induced by the nearly smooth foliation ( cf. Defi. 

Proof. This is a local theorem. The proof can be found in |^ □ 

Next we want to show that i7 = tt2'^q + iddcj) for a compatible function in E x M. We want 
to define this potential function in a small open and saturated neighborhood of any super regular 
leaf. Theorem 12.2.11 implies that two different locally defined compatible solutions of ()1.1() must 
agree with each other on the overlap of their domains of definition. Since V^q is dense in S x M, 
this defines (j) uiTx M. The final step is to show that (j) is uniformly C^'^ and solve Note 
that this approach is different from jJJ since we are not dealing with a super regular foliation. 
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Proposition 2.3.4. For any super regular leaf f, there exists a smooth function <j) defined in a 
small tubular neighborhood Of (which is saturated with respect to J^^p^) of it o ev{f) C S x M 
such that 

n = TT^ujQ + idd^, on O/ C S x M (2.6) 

(f> =<^o, on 0/P)(aS X M). (2.7) 

Remark 2.3.5. The potential function (j) can be also defined in a tubular neighborhood Of of 
an almost super regular leaf f. The function is smooth in Of n(^° ^ 

Proof. Recall that M = \^ Ui and pi{i G X) is the local defining potential function for ujq. For 
any point {z,x) G V^q, suppose that x & Ui for some i In local coordinates, write 

— dw A dw^ , uj = > -— — ^ _ dw A dw^ . 

dwadwg ^ dw^OWfi 

a,p=\ ^ o:,P=l 

We can express the image of S as^^ 

{{z,x = f{z),i{x)), VzGS}, 

where 

Since ^{x) is uniquely detrmined by image of an open set of super regular disks in S x Wmj 
then (f) is uniquely determined by ^, or by the structure of Wmj up to a constant in Ui C M. 
In particular, in (5S x M) P) V^q, we have (f) = (j)Q modular some function in z locally. 

By definition, we write 

n q2i " 

Q. = u}Q+ y — TT^dWadWR+y C"dwadz 

^ dv'adwg ^ ^ 

a,p=l a=l 



Since 



we have 



+ ^^^=1 C^dzdwp + hfdzdz. 

d 



I a 



. n = and X = ^ r?" 



^•^Hcrc X — 7V2 o TT o f[z) in the formula. However, for notation simpliticity, we simplify it as a; = f{z)- This 
convention will be used later. This should cause no confusion. 
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On the other hand, since ^{f{z)) is a holomorphic function of z, we have 

= ^ 



Then 



C = ^-P^, Va = l,2,...n. 

ow°-oz 



Consequently, J7 takes the form: 



n 



OWaOWg ^-^ OZOWa 

+ Ej3=i ^r^dzdw^ + hfdzdz. 

Moreover, the following hold about the leaf vector X : 

d^z = -['^'-^^d^)' ' Va = l,2,...n. 
Using this equation and the fact that Jl""*"-^ = 0, we have 

- (hf-a ^ 



Since to is non-degenerate in O/, then 

is uniquely determined as well. 
However (note z = Wn+i), 

is a closed form. Consequently, 



Ifdz dz = ( /if — f*, ) dz dz 
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is a closed form on Of . Therefore, is a function of z only. Locally, we can replace (p by 
(f) + Kf{z) where 

^ = -1 . 

d z dz ^ 

After such a replacement, in each local coordinate chart in Of, we can choose the potential 
function (j) uniquely, up to a harmonic function on z only. This follows from the fact that 

-^ = h 
dzdz ^ 

where hf is uniquely determined by geometric data of super regular disks in O/ . 

Because of the unique extension property of harmonic functions, (p is uniquely determined 
in O J by a global harmonic function in the z direction. Choose such a potential function in Of 
now. Notice that in (OS x M) C\Of, we have uJz |ai;= i^(f,o- Then, we can set 

(j){z,-) = (f>o{z,-) +mf{z), \/ z e dT, 

where mf{z) is a function of z in S. Note that nif may not be harmonic function. 
Choose a function Kff as a function of z only such that 

d'^Kff 
^ = 0. 

d z dz 

and 

Kff \dT.= rrif. 

This Drichelet problem has a unique solution. Now replace (p hy (j) — Kf. Then can be re- 
written as vTgLLio + \/—ldd(j) in a tubular neighborhood of vr o /(S) in S x M such that (p = (po 
in (as X M)nO/. □ 



Now (p satisfies equation on V<^o. Now we wish to extend it to solve the same equation 

4>o- 



in S X M. The key step is to prove a global C^'^ bound for cp in V^q. 



Proposition 2.3.6. We have uj^ > when restricted to M in V^pg. 

Proof. For any point (z, x') £ V(/,q, there exists a holomorphic leaf / G Ufj^^ such that vroef (z, /) = 
{z,x'). For any z £ 5S, 

ujfp = uJo + V-^dd(po{z, •) > 0. 

In other words, Lu^f, |7roet)(9E,/)> 0. However, tOtf, |7roeD(s,/) is a constant form. Thus, is strictly 
positive for any {z,x') G Vcf^^. □ 
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It follows from this proposition that a;^ defines a smooth Kahler metric in V</,o . We want to 
show that this metric has a uniform L°° bound in V^g. In a local coordinate chart, write 

n _ " 

'^0 = X] %,a0 dw'^ dw'^ , = ^ g^,^pdw" dw^, 

a,/3=l a,/3=l 

9^,a(i = go,«/3 + Q^4wP > V a, /? = 1, 2 • • • n. 

For any super regular leaf / and for any z G S, the restricted bundle Tfi^^)^ f{^) is a 
trivial holomorphic bundle over S with complex rank n. Restriction of g^j, to this TM bundle 
induces an hermitian metric on this bundle. Denote by -F"/3(l < a, P < n) the curvature of this 
hermitian metric. We have the following formula (cf. Section 4), 

(2-8) 

dwj dWa 

1 1: particular, the curvature is always semi-negative. Now we are ready to state the maximum 
principle. 

Proposition 2.3.7. (Maximum Principle along leaves) The Kahler metric g^ is uniformly 
bounded from above in each leaf in . 

Proof. First give a finite covering of M = UieJ^*- There exists a uniform constant C{go) 
which depends only on this covering such that in each of these coordinate chart, we have 



'z [94, o^g^ 



<C{gQ), yi,j,k = 1,2,- ■ -n. 



For any / G I^cPq, the restricted TM bundle on 7ro/(S) is a trivial holomorphic vector bundle 
over S. For any {z,p) in this leaf, pick any n — frame si, S2, ■ ■ ■ , s^ E Tr,' M and extend these 
vectors over the disk as a frame of n constant holomorphic sections in this T^'^M bundle. We 
still denote as {si, S2, • • • , Sn}- Note that in any coordinate charte C/j chosen above, we have 

d d ■ -■ dg ~ 

^9o{s,s) = Q^9o,ijs's^ = -^X^s's^ < C{go)max\X\ ■go{s,s). 

In other words, for these constant holomorphic section of the TM bundle over /(S), it is easy 
to see that 

inf go{s,s) > co(/)max go{s,s) (2.10) 
where co(/) depends on go and the embedding of / only. 
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To prove the maximum principle for metric along the leaf, we just need to show that 
5(^(s,s)(l < a < n) has a uniform upper bound for any constant holomorphic leaf the tangent 
bundle. If the upper bound is achieved on the boundary, then the claim is proved since g(j, = g^^ 
in dT, X M. If the maximum is attained at some interior point {z,p) S x M, choose an 
appropriate coordinate in TpM. We may assume 

94,,ap(.z^P) =5a/3(Va,/3 = 1,2,- --n), d^g^, \{z,p)= dzg<f, |(z,p)=0. 

At this point {z,p), we have 

dzdzg4>{s{c),s{c)) = g^{dzs{c),dzsic)) + {dzdzg^)(s{c),s{c)) 
= g4dzs{c),dzs{c)) - F(s(c), s(c)) > 0. 

This shows that the maximum must achieve in the boundary. This along with ineaualitv I2.1UI 
gives desired upper bound on g^. □ 

Using this proposition, we can prove 

Theorem 2.3.8. There exists a uniform upper bound for the Kdhler metric g^ in V(^g. 

Proof. This follows from the proof of the previous theorem as well as the fact that any se- 
quence of holomorphic discs in V(^„ always have a subsequence which converges to an embedded 
holomorphic discs in S x M. □ 

Finally, we have 

Theorem 2.3.9. (j) is uniformly C^'^ m E x M , smooth in V^g such that it solves 

{■kIujq + ^f^dd(t>Y^^ = 0, in S x M. (2.11) 
Moreover, this solution coincides with the solution established in 

Proof. By Definition 11.4.21 <j) can be extended to be a continuous function in S x M \ S^^ . 
Since is locally extendable and (/> is uniformly C^'^ bounded in V^^, we can show that (/> can 
be extended as a global C^'^ function in S x M. It follows that there is a sequence of Kahler 
potential {0m G 'H,m G N} such that (pm ^ 4> vn weak C^'^(S x M) topology. Moreover, the 
convergence is smooth in any compact subset of V^q . It follows that for any smooth test function 
-(/;, we have 

hm I ^uj1+'^ = 0. 
Suppose (f is the C^'^ solution given by the first author in jH], we have 
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lim 

m— >oo 



SxM 



-lim / Aa(99-0™) f Vw;a 



.j=0 



\t=0 / 

It follows that (/) = (/9 in V^o since a;^ is smooth in V^^^. Since V(/,(j is dense in E x M, it follows 
that the solution we constructed conincide with solution established in the first author's paper 

□ 



3 Deformation of holomorphic disks with totally real boundary 
3.1 Local analysis of holomorphic disks 

For any boundary map 00 : dTi 7i, there is a 2n + 1-dimensional totally real submanifold 
A(^Q = ({z} X A^(,(2 .)) in S X Wm- Consider the moduli space Ad^^ of all of holomorphic 

z£dT, 

disks p : ^ (S x Wm, A(^q) with vanishing normal Maslov index. Note that the normal 

bundle over yo(S) in S x Wa/ is always trivial and we will denote it by 




For any z = e^^ < 6 < 27r), let M^n^giS) ^-^e totally real subspace p* T^^^^e) (A,/,^) of 
?'p(e««)C2" = C2". Consider ah i/^'^-sections s : S ^ C^" such that s(e*^) G M^nJgiS)^ xhe 
linearized operator of p is given by 

This is a Fredholm operator, so we can compute its index 

index(52) = dim ¥^eT{dz) — dim Coke.T{dz)- 

This indice is invariant under deformation of holomorphic disks. If the normal Maslov indice of 
p is denoted by p{dz), then we have the following (cf. |32]): 

indice(52) = pidz) + 2n = 2n. 
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Thus the kernel of dz is of dimension at least 2n. Recall that a holomorphic disk p is regular 
in the sense of the Predholm theory if the cokernel of dz vanishes, equivalently, the kernel has 
dimension exactly equal to 2n. 

For every disk p : (S, 9S) ^ (S x Wa/, A^^), we have a loop of 2n-dimensional real subspaces 
{M2"(e*^)|0 < e < 2tt} in C^". By fixing a real M^n gubspace in r^(i) Wm, this induces 
a map from dT, to GL(2n,C)/GL(2n,]R). In general, this map may not lift to a map from 
dE to G/(2n,C). However, this property of being able to be lifted to C°°(aS, GL(2n, C)) 
is invariant under continuous deformation of the disk or the boundary conditions. A disk is 
called trivial if all real subspaces M^"(e*^) are equal to a constant 2n-dimensional real subspace 
(independent of e*^). For a trivial disk, its induced loop always admits a lifting to GL(2n,C). 
Therefore, if a disk is path-connected to a trivial disk, then its induced loop must admit a 
lifting to an map C°°(9S, GL(2n, C)). We call this an associated loop of the disk p. It is 
clear that associated loop is defined up to multiplication by C^GL{2n,C) on the left. Here 
jCGL{2n,C) = C7°°(aS,GL(2n,C)), and £+GL{2n,C) C C°°(aS, GL(2n, C)) is the set of loops 
which can be extended to a holomorphic map C°°{T,, GL{2n, C)). In this paper, we only consider 
discs which are path connected to a trivial disc. For these holomorphic discs, it is natural to 
consider the partial indices which are independent of the lifting. According to j32j . |16j and |21| . 
using a special form of Birkhoff factorization, we have 

Theorem A Let p : = 9S — > M^"(0) he a loop of totally real 2n dimensional sub-spaces 
in C^", which is induced by some holomorphic disk p : ^ (S x Wmt^^Po) ■ Then one 

can represent this loop map as 

p{z) = Q{z)A{z)'2 . R2n^ z G as = S\ 

where Q{z) £ CGL{2n,C) and A(z) is a diagonal matrix: 

A{Z) = [Z^\Z^^,--- ,Z^2n]^V^ g 

Here {ki, k2, - ■ ■ , k2n) is called partial indices of the loop p. Moreover, these partial indices have 
the following properties: 

1. Each individual partial indice is not invariant under continuous deformation. However, the 
total sum of all partial indices is precisely the normal Maslov invariant, so it is invariant 
under any continuous defomation. Thus, 

2n 

ki = n = 0. 

1=1 

^^For the generic Maslov indice, this theorem was first obtained by |14| in complex surface. It was generalized 
to all dimensions in |16| with the assumption that all of the partial indices are non-negative. This last restriction 
was removed in |21|. The present statement follows the format in [21]. 



21 



2. A disk is Fredholm regular if and only if all of its partial indices > — 1. 

Using this theorem, Oh was able to reduce the equation for kernel vectors into a scalar 
equation: 

u=[ S = \ 

This equation has no solution when ki < —1. For ki > 0, this equation has exactly ki + 1 
linearly independent solution while each solution is a polynomial in z with degree ki. 

Theorem B Suppose f is a regular disk whose partial indice decomposition {ki,k2,--- ,k2n) 
contains exactly /(g [0, n]) number of partial indices which equals —1. Then the kernel matrix 
of this disk has co-rank at least I everywhere in the interior of this disk. 

This can be easily derived from JH] and |21j . 

3.2 The universal moduli space is regular 

Define 

<^oeC°°(9E,-H) 

and 

T= U -^^0, 

<Ao6C°°(SS,W) 

where A^0o is the moduli space of all holomorphic disks with vanishing normal Maslov indice: 

p: (Ex WAf,A^o)- 

Clearly, Q is an infinite dimensional manifold and there is a natural projection p : T — > ^ such 
that for any <pQ £ C^{dT,,7i), the moduli space A^^g is mapped to A^g. 

Recall that the Moduli space is smooth if every holomorphic disk in this Moduli space is 
regular. It follows from the following lemma and the Sard-Smale transversality theorem that 
M(f,o is smooth for a generic boundary value 0o- 

Lemma 3.2.1. The universal moduli space p : T ^ G is smooth. 

Proof. The tangent space of G at (pQ can be considered as 

T^oG = X M), V 00 G W). 

^^This was first carried out in |22| in the context of Lagrange/totally real submanifold. For convenience of 
readers, we include a proof of this transversality below. 
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Let Ck ^ he a sequence of positive numbers which converges to zero. Denote e = (ei, €2, ■ ■ ■ ). 
Set 

00 

k=0 

This defines an e-norm on 

C^(A^J = {/ G C~(aS X M) I 11/11, < 00}. 

This norm has been introduced by Floer in a different context and this is a Banach space. We 
can choose e so that C'^{A^g) is dense in C°°(5S x M) with respect to the norm. 
Now fix s > 1 and define 

T = = H'+\^,^ X Wm) 

which is a Sobolev space of ah maps w : S — > S x Wm whose [s + 1)*'* derivatives are in L^. 
For any boundary map 00 : dH — H, the totaUy real submanifold A^^ of S x Wm is a point in 
Q. For any small r positive, we define an r neighborhood of this point in Q as: 

AA(A^J = {A^„+^ I 11/11, < r and / G C^{dE x M)}. 

The corresponding neighborhood of holomorphic disks is 

M = M{Af{A^,)) 

= {(.P,^4>o+f) I dp = 0, P lasC A^o+/, ||/||g < r}. 

For each p & J^, define the pulled back bundle as 

Bp = H%p*TWm) 
consisting of all iJ^-sections of p*TWm on S. Set 

^ = U = U H'{p*TyvM). 

This is a smooth bundle over JT. We further set 

VL{A^,) ■= iI^+^(as,E X Wm) n A^J. 

This is simply the space of H^'^^ maps from 9S to A<^g. By the trace theorem, for each map 

p G S X Wm), its boundary map p \qy. lies in x Wm) = i^"^"^^ (9E, S x Wm)- Now 

we define a map 

A : ^ X AA(A^J ^ ^ X J^(A^J 

by 

A^o+/) = {dp,4)'^l^f (p las)) 
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where (pijio+f '■ ^ft>o ~^ ^0o+/ identifies the small perturbation A^^+j with A^^. Denote by 

Consequently, Ta^^ A^CA^q) consists of all such fields Xf for / £ C°°(9E x M). Note that 

M = A-\{0} X n{A4>,)). 

The goal here is to show that the map A is transverse to the submanifold at ({0} x i7(A^„)) C 
B X Q{Ti X Wm). Then it follows that 7W is a smooth Banach submanifold of J-^ x AA(A0(,). 
Moreover, by the elliptic regularity theory, 7W is a smooth Banach submanifold of J^* x J\f{A^^^) 
for all s > 1. 

For any small / G C°°(OS x M), we set (j) = 4>^Q+f for simplicity. To show the transversality, 
we need to show 

ImA Tp^K,^^^^. X AA(A^J) + {0} ©r<^-i(^|,^)0(A^J = To,^-i(^|,^) {B x x Wm)) , (3.1) 

where (p, A^^+j) G JT x 7\A(A<^J. If {i,Xf) G Tp,A^^^^. (J^ x AA(A0j) , then a straightforward 
calculation shows that 

Clearly, the LHS (left hand side) of (|3.H) is a subspace of the RHS (right hand side) . We need to 
show that the normal space to LHS in the RHS of (|3.1() is null. Suppose that (r, a) is in such an 
normal space, that is, (r, a) _L Im/\ {^,Xf) and (r, a) ± ({0} T^-i(p|gj,)O(A0Q)) . The second 
condition implies 

a G (^<^-i(pI8e)^(^0o)) • 
In other words, a represents some variation normal to T^-i^^|^^^n(A0g). The first condition 
implies that 

/ {d^,r)+ [ {Xf-^\9j:,a) = 0. 

Integrating by parts, we have 

/(e,Vjr)+/ {^\9j,,e-''r-a)de+ [ {Xj - ^ \9j:,a)de = 0. 

Jt, JdT, JdY: 

Thus 

Vjr = 0, (3.2) 

-a las +e-*^ las = 0, (3.3) 

a-^ = 0. (3.4) 

Equation 1)3. 4() shows that a must be tangent to r^-i(p|gj,)O(A0(,), but a must be also normal 
to this space, so a = 0. Consequently, r |as= by 1)3. 3() . This, together with 1)3. 2|) . implies that 
r = in S. This completes the proof of transversality. □ 
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The same arguments also show that for a generic path : [0, 1] x 5S i— H, the total moduli 
Ut6[o,i] •) is smooth. 

3.3 Selection of a generic path 

Next we turn our attention to variations of an arbitrary disk / in the universal moduli space 
of holomorphic disks. As before, for every disk, it induces a map from to the space of 
totally real 2n plane in C^". Since all disks concerned are path connected to a trivial disk, 
this induced map can be lifted to a map from the universal moduli space of holomorphic disks 
to the loop space CGL{2n,C). It is well defined up to some normalization of the induced 
normal bundle of p*TyjWM over S. In other words, it is a map from a holomorphic disk to 
CGL{2n, C)/C'^GL{2n, C). Define a fiber bundle C over JT such that each fibre is isomorphic to 
jCGL{2n,C)/£~^GL{2n,C). This defines a natural map from the universal moduli space M to 
this fibre bundle 

which simply maps each holomorphic disk to its associated loop in CGl{2n,C)/C'^Gl{2n,C). 

It is well known that jCGL{2n, C)/jC'^GL{2n, C) admits a smooth stratification of loops by 
its partial indice k = {ki,k2, - ■ ■ , k2n)- A somewhat lengthy calculation shows 

Lemma 3.3.1. For the smooth stratification of CGL{2n,C)/C~^GL{2n,C) by its partial indices 
k = {k\,k2, - ■ ■ k2n), the real codimension of each component indexed by k is 

2n 2n 

d = Y^ {ki-kj- Xij) 

1=1 j=i+l 

where ki > k2 > ■ ■ ■ > k2n md 

_ J- 1 \i ki> kj and i < j, 
^ ^ Otherwise. 

Let ^o, Si,S2,S be the set of loops whose partial indices satisfy: 

1. All partial indices in are equal to 0; 

2. all partial indices are of the form (1, 0, • • • , 0, —1) in Si; 

3. at least two of the partial indices equal to —1 in S2, but no partial indice is < —2; 

4. at least one partial indice in S is less or equal to —2. 
^^Proof of this Lemma can be founded in Appendix. 
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According to Lemma 13.3.11 Sq is in generic position, while the real codimension for Si is 1. 
For S C £.GL{2n,C)/C^GL{2n,C), suppose that kj > k2n and k2n < — 2,Vi G [l,2n]. Then 
the codimension is: 



2ra 2n 

d = ^ ^ {ki-kj - \j) 

i=l j=i+l 
2n 



2n 2n 2n 

^ ^i + Y^ i-k2n) - K(2n) 

i=l i=l 1=1 

2n 2n-l 

+ ^2-^l = 2n + l. 



> 

1=1 1=1 

For 5*2, we can assume k2n~i = ^2n = — 1- Thus, 

2n 2n 



— ^ ^ {ki kj Xij) 

i=l j=i+l 

2n~l 2n-2 

- Y - -^i(2n-l)) + Y ~ '^^n " K{2n)) 

1=1 1=1 

2n-2 2n-2 2n~2 

= 2 ^ fcj + ^ (-/C2n - k2n^l) " ^ (Ai(2n) + K{2n-1)) 



i=l i=l 

2n-2 2n-2 



= 2(/c2n-l + k2n) + ^ {-k2n " A:2n-l) " ^ (Ai(2n) + Ai(2n-1)) 
1=1 i=l 

> 4 + 2(2n-2) -2(2n-2) =4. 
According to Lemma 13.3.11 we have 

CGL{2n, C)/£+GL(2n, C) = 5o |J 5i (J ^2 |J ^ = -^o |J(5?"- |J S"^-^-'-) IJ •^2 IJ ^- 
Here Sf^' denotes all of the holomorphic disks in Si which are super regular at z = and 

Si = sf-'-f^s"^-^-'. 

It is straightforward to check that 5'"'° *' has at least codimension 1 in Si. 
Proposition 3.3.2. This map * is a submersion at any embedded disk of M.. 
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Proof. We need to show that ★ is a submersion at a regular disk or at a non-regular but embedded 
disk. The first assertion follows from the fact that any regular holoniorphic disk / with boundary 
in a totally real submanifold is stable under a small deformation of the boundary map. To be 
more explicit, we let / : (S, 9E) — > (S x Wm, ^<j>o) be a holomorphic disk with vanishing normal 
Maslov indice. If / is regular in the sense of Predholm theory, then there is a holomorphic disk 
f + Sf such that its boundary lies in some ^^"(6*^) + SP{e^^). For this family of holomorphic 
disks, the associated loop is exactly I + 6£. Thus, is an submersion at the image (under -k) 
of every regular holomorphic disk. 

Now suppose that ★(/) = £ e S C C. Since C is a smooth infinite dimensional manifold which 
admits a smooth stratification by partial indices. More specifically, the space of loop matrices in 
Gl{2n, M), it can be decomposed as the union of S'o |J 5"! |J 5*2 |J S. Here we are only considering 
S which lie in a connected component of S*! (J IJ Therefore, there always exists a path 
Si{t) such that 6£{0) = 0; and £ + S£{t) eC\S when t 7^ 0. Consider 

/:(E,9E)^(Ex W, IJ i9,L{e))). 

Here L{6) is a totally real sub-manifold in {9,W) for any 6 ^ S^. At the tangential level, 
Tj^g^WM is a trivial C^" bundle over E. Using this trivialization, we may assume 

Tf^0)L{e) = M2"(0) = A{e) ■ 

for some M^n fixed in Tfi^i^Wu- Here A{9) G Gl{2n, C). Clearly, £ can be lifted up to be a loop 
in Gl{2n,C) and 

£{0) = A{e),y e e s\ 

The tangent space of LGL{2n, C) at £ can be represented by a smooth 1-parameter family of 
loops of matrices (— e <t<e): 

£{t,9)=A{e){I + tB{e)), W9eS\ 

The surjectivity at / is equivalent to there being a pre-image of this path £{t, 9) for an arbitrary 
loop matrix B. Near a small tubular neighborhood of L{9) G We, we define a product metric 
(so L{9) becomes totally geodesic in Wm)- Call this metric g^. Define 

L(t, 9) = expf^eue + tB{9))) ■ R^"), 

where {A{9){I + tB{9))) ■ M" represents the n-dimensional plane spanned by it in Tj(0)Wm- 
Clearly, L(0, 9) = L(9). Define f{t) to be a family of disks in the total moduli space 

/(t):(E,aE)^(Ex>V, U {9,L{t,9)). 

ees^ 
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such that the image of each f{t) is identified with /, but they represent a 1-parameter path of 
holomorphic disks in the total moduli space. Clearly, 

Mf{t)) = m- 

In other words, the map * is transversal to 5 C CGL{2n, C)/>C+GL(2n, C). □ 

Next wc want to use this submersion map -k to calculate the codimension of various compo- 
nents of the universal moduli space. 

Note that -k'^ So^i.'^ Si,-k~'^ S2 and -k'^S are smooth manifold or submanifold in Ai, where 
★"^^o are the set of all super regular disks which is generic m. M., •k~^ -k"^ S2 are submanifolds 
of regular holomorphic disks in M with real codimension at least 1 and 4. Finally, 'k~^S is the 
smooth submanifold of all irregular disks in M with real codimension at least 2n + 1. This, 
together with the remark at the end of last section, implies 

Theorem 3.3.3. For any path ip : [0, 1] C°^{dT,, 7i) such that A^^(o^.) contains a super regular 
disk with vanishing normal Maslov invariant, there exists a generic path (we still denote it by 
which is arbitrarily close to the original path, such that the total moduli Uo<s<i {^} ^ ■^i'(s,-) 
is a smooth 2n + l- dimensional manifold. Moreover, there is a connected component J\4^ of this 
total moduli containing the super-regular disk in initial moduli A^^(o,.); such that the followings 
hold: 

1. The set of disks with partial indices (0, 0, • • • , 0) in is open and dense in this connected 

component; 

2. The set of disks with partial indices (1, 0, 0, • • • ,0, —1) has codimension at least 1 in M.^- 
The set of disks with partial indice (1,0, ••• ,0,-1) but not super-regular at z = has 
codimension 2 and higher; 

3. The set of all other holomorphic disks has codimension 2 and higher; 
4- There exist at most finitely many non-regular disks in the total moduli. 

3.4 Almost super regular foliations 

In this subsection, we first introduce the notion of an almost super regular foliation. This is a 
stronger notion compared to the nearly smooth foliation introduced earlier. Recall the natural 
projection tt : W[t^] — M. The tangent space of yV[oj] naturally splits into TM union with 
tangent space to the fibre space of T*M. A regular disk / in Mcf,Q is called super regular at 
2; G S X M if the Jacobi map of n o ev is non-singular at z £ T,, where : E x yV[u,] ^ "^[oj] 
maps {z, f) to f{z). It is called super regular if it is super regular at every point of S. It is 
called almost super regular if the Jacobi map of tt o is nowhere vanishing in S°. 
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Definition 3.4.1. For any boundary map (pQ G C°°{dY^,7i), an open and connected 2n dimen- 
sional subset lA^Q C A^0o is called an almost super regular foliation if 

1. it is a nearly smooth foliation (cf. Definition \1.4-^ ; 

2. Every disk in U^^ is regular except perhaps at most a set of finitely many disks. Further- 
more, the set of almost super regular disks has co-dimension at least 1, while the set of all 
disks of other types has at least co- dimension 2 or higher. 

Clearly, for any boundary map 4)q G C°°{dT,,7i), an almost super regular foliation is 
super regular if U^^ = U^^^ = M^^^. 

Proposition 3.4.2. If J-^^^ is an almost super regular foliation, then T, xU^^ induces a foliation 
inTP X M via the composition map of n and ev, except at most a set of codimension 2 . 

Proof. Self evident. □ 

Corollary 3.4.3. For an almost super regular foliation, two disks intersect at most at subset of 
ofTixM with codimension 2 or higher. 

This in turns implies 

Corollary 3.4.4. For any almost smooth solution (p of il.l]) which corresponds to an almost 
super regular foliation, the leaf vector field X which annulate the Levi form TTgCJo + ^/—Iddcp is 
smooth in V^g and is uniformly bounded in x M. 

Proposition 3.4.5. For a generic boundary map (po : — > 7i such that every embedded disk 
in A^0o is regular, then a nearly smooth foliation is necessary almost super regular. Moreover, 
the connected component Uff,^ is a smooth manifold without boundary. 

Proof. For any sequence of holomorphic disks fk G l^4>o^ the leaf vector field Xj. has uniform 
upper bound. It follows that there is a subsequence (which we still denoted as {fk,k £ I}), 
such that converges to a limiting embedded disk f^o £ -A^<?io- assumption, this limiting 

disk must be regular in the sense of Fredholm theory. In particular, /oo is an interior point of 
A^^Q. Consequently, is compact without boundary. □ 

Conversely, 

Proposition 3.4.6. For a boundary map (po : 9S — > TC such that all but possibly finitely many 
disks in M.^^ are regular. Define U^^to be the set of all super regular and all almost super regular 
disks. Suppose 

1 . U(j,Q \ Z//,^,) has codimension 2 or higher; 

2. The evaluation TTKxp is continuous on ^(^q • 
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Then U^^ defines an almost super regular foliation. In particular, the covering indice for evalu- 
ation map is 1. 

Proof. Consider the evaluation of N in the central fibre {0} x M. The evaluation map is locally 
covering map from generic points in N. Since dN is a set of isolated singular disks and the 
evaluation map is continuous at this set, then the image of N must be {0} x M entirely. Since 
M is connected, the covering indice must be some positive constant fc > 1 for generic point. In 
particular, Z^^y must be decomposed into k disjoint connected component. And each connected 
component gives rise to a nearly smooth foliation. However, a nearly smooth foliation is unique. 
Thus, there is only one connected component and covering indice is 1. □ 

Now, we introduce the notion of partially smooth foliation, which arises from limits of almost 
super regular foliations under convergence of boundary maps in suitable norms. 

Definition 3.4.7. For any boundary map (po G C°°(9S,7^), an open 2n dimensional subset 
U(f)g C MfjjQ and closed subsetU^^ C A^,/,,, is called a partially smooth foliation if the following 
conditions are met: 

1 ■ Li^g C U^g C U^g ■ 

2. Every disk in ZY^y is super regular. 

3. The evaluation map tt o ev : 12 x lAij)^ Ti x M is a continuous onto map into its image 
where the image is dense in 9S x M Moreover, the image ofU^p^^ is T, x M. 

4. Any disk in lA^^^ doesn't intersect with any other disk in in S*^ x M. 

Recall that an almost smooth solution of the HCMA equation (|1.H) corresponds to a nearly 
smooth foliation. One can view a partially smooth foliation as a sequential limit of nearly smooth 
foliations, while a partially smooth solution can be viewed as a sequential limit of almost smooth 
solutions. In this regard, a partially smooth solution corresponds conceptually to a partially 
smooth foliation. 

3.4.1 Open-denseness of almost super regular disks 

In this subsection, we reformulate Theorem 13. 3. 31 in terms of a.s.r or s.r. holomorphic disks. Let 
us first describe some properties of holomorphic disks with either partial indices (0, 0, • • ■ , 0) or 
(1,0,- •• 0,-1). 

Theorem 3.4.8. Given a connected component of M(f)Q which consists of holomorphic disks 
with partial indices (0, 0, • • • ,0). // there exists at least one super regular disk in this connected 
component, then all disks in this component are super regular. 
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Proof. The set of super regular disks is open in the moduli space. Therefore, we just need to show 
that it is close among disks with partial indices (0, 0, • • • ,0). Let {/j : (E, 911) ^ (S x Wm, ^cpo)} 
be a sequence of super regular disks such that fi^f smoothly (cf. in C^'"(S, S x Wm)- norm^^) 
in We want to prove that if / has partial indices (0, 0, • • • ,0), then / is also super regular. 

Since / is regular, there is a small neighborhood Of C M-cPo of / such that ew : S x — > 
S X Wm is smooth. Put F = tt o ev. Let ti,t2,- " ,t2n be local coordinates of O/, write 



= -Q^ \fM e r;;(.)WM, l<k<2n. 

Then, {sfc}|" ]^ is a basis of the kernel space of the d operator. Moreover, at each image point 
f{z), the set of 2n vertical vectors {sk}1^i is also a basis of the "vertical" tangential subspace 
Tj(2)-^0o- Since Wm is locally the same as T*M, its tangent space naturally splits into a TM 

part and the tangent space of the fibre direction. Denote by ^ ^ ^ the corresponding two 
components of any kernel vector, where u,v £ Set the k-th kernel vector as 



sl'^ = I '^h: I , l<k<2n. 



Note that u^^^ is clearly a vector in T^'^M, while v^^ may depends on the choice of local Kahler 
potentials. According to Proposition 12.3.41 there exists a solution (p^"^^ of equation in 
vr o ev{T, x Of) with \dT,xM= 00 \dT,xM- By Proposition 2.3.8, there is a uniform C such 
that 

I 990^ |< C. 

For any point (z, x) in the image of vr o ev{z, /), let [/ be a small open set of x in M. Then 



•(3 1 \ UWaUWp 



where ujq = ffo.a/? dw" A dtf^ = \/—lddp in {7 . By a straightforward calculation, we have that 
for any {z,w) G /i(S), 



4') 

" / nxl 



\ / nxl \ / nxl 



^From this equation, it is clear that vj^ is not "tensorial" in the usual sense since S is not. 
However, 

det \ \ "f;j =det \ % UetGW (3.6) 



^This regularity assumption is not optimal. 
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is both real and holomorphic. Note that the right hand side is a function independent of the 
choice of local coordinate in M. Thus, the left hand side is well defined in S and it must be a 
global constant along the disc. Suppose this constant q and 



det ^ 


u\ U2 • • • 
u\' U2 • • • 


(i) 
U2n 
-{i) 
^2n 




(3.7) 


A more global view of p.7|) is 












[TToev) 


n 








= ^0 







Since fi is a super regular disk, by definition, we have 

det 



_(j) 






(3 


u\ U2 • 


■ 







holds everywhere in fi{T,). Note that the left side of (|3.8() is exactly the Jacobian of vr o ev. By 
our assumptions, / is a disk with partial indices (0, 0, • • • ,0) , that is, that the kernel matrix is 
nowhere singular: 

everywhere in /(S). What we need to prove is that the inequality ()3.8|) hold everywhere in 
/(S). For it is easy to see that This sequence of constants {ci,i G M} has both uniform 

upper and lower bounds, provided that the limiting disk / has partial indices (0, 0, • • • ,0). Since 
det G(^) < C, we deduce 

detf 1 >0 



Ui U2 ■■■ U2n 

along the limiting disk /. This completes the proof of this theorem. □ 

However, we can squeeze a little more out from the arguments above. Let / be a holomorphic 
disk with partial indice (1,0, ••• ,0,-1) which is super regular at z = 0. We claim that / is 
almost super regular. In fact, the condition implies that 



det I 




uy ■ 

-W 




1 U=o/ 0, 






uy ■ 


■ ^) 





On the other hand, according to 1)3. 6|) . for each /j,we have 

c, = detr^;. ^^'^ =det "1 \. .detG» 



4 




•• ^2n 


,(<) 


v\> ■ 





1 


n^' • 


•• ^2n 


1 


U2' ■ 


•• ^2n 



''When restricted to each {2:0} x M, our normahzation forces the first term on the right hand side to be positive. 
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Using local deformation theory in next subsection (Corollary I4.2.lf|) . logdetG^*^ is a subhar- 
monic function in S. Moreover, it is uniformly bounded from above. Set 



hi = log det 



Uo ■ ■ ■ U. 



2n 



(^) Ji) 



''2 "■2n / 

along Then, {hi,i S N} is a seequence of subharmonic functions on which is 

uniformly bounded at z = 0. Moreover, we have (cf. Proposition I4.2.3]) 

I hi 1 = 1 -A, logdetG(^) |< C,. 

holds in any compact subdomain of S*^. Then Harnack inequality for harmonic function implies 
that either hi approaches to — oo everywhere in any compact subset of or stays uniformly 
bounded in any compact subset of T,^. Since /ii(0) is uniformly bounded, we have 

;nn h,{z) = h{z) = log det ( % \ "' ""jfA |^(s)> -cx), Vz G TP . 



\ "1 "2 ■ ■ ■ ""2?! / 

Consequently, / is almost super regular. Thus we have proved 

Theorem 3.4.9. // a holomorphic disk with partial indices (1, 0, • • • , 0, —1) is super regular at 
one interior point and it can be connected to disks of partial indices (0, 0, • • • , 0), then it is almost 
super regular. 

In view of these two theorems, we can reinterpret Theorem 13.3.31 as 

Theorem 3.4.10. Given any path ip : [0,1] C°°{d'E,7i) such that A4.0(o,.) contains a super 
regular disk with vanishing Maslov disk, there exists a generic path (still denoted by tp for sim- 
plicity), which is arbitrarily close to the given path, such that for this new path, a connected 
component M.^ of the total moduli space IJo<s<i ^ ""^^^c/i contains the initial super 

regular disk, is a smooth 2n + 1-dimension manifold. Moreover, the followings hold 

1. The set of super regular disks is open and dense in this connected component; 

2. The set of almost super regular disks has codimension at least 1 in this component; 

3. The set of disks, which are neither super regular nor almost super regular, has codimension 
at least 2; 

4. There exist at most finitely many irregular disks in the total moduli space. 

Moreover, there exist at most finitely many points < ti < t2 < ■ ■ ■ < ti < 1 such that for 
any t 7^ ti{l < i < I), all disks in .■) are regular and its subset of disks in A4^, which are 

neither super regular nor almost super regular, has codimension at least 2. When t = ti for some 
i, Aijp(^t,-) ^ -^1/, fnay either contain some isolated irregular disks or a subset of disks which are 
neither super regular nor almost super regular which has exactly codimension 1. 
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3.4.2 Almost super regular foliations along a generic path 

In this subsection, we prove openness and closedness of almost super regular foliations along a 
generic path, which is assured by Theorem 13.4. lUl 

Theorem 3.4.11. Let : [0,1] ^ C°°{Y^,7i) be a generic path with properties specified in 
Theorem \3. 4- 1C\ Suppose that A4^(o.-) ^ ^-^ connected and gives rise to an almost super 
regular foliation, where is the connected component defined in Theorem \3.4-10[ Then for 
each t, .) n Ai^ is connected and induces a foliation in an open dense subset of x M. 

Moreover, this component gives rise to an almost super regular foliation except at most a finite 
number of times. 

We firs prove 

Lemma 3.4.12. For a sequence of Ti,i £ N( lim Ti = t £ (0, 1]) such that J-^f^- .) is a sequence 

of almost smooth foliations. Suppose that (pi is the corresponding sequence of almost smooth 
solutions and lim (pi = (poo- Then (poo is a partially smooth solution of hl.l\) and TZfp^ is an 

open dense subset ofT,x M. Moreover, there is a unique connected component o/A^^(f .-) which 
is the limit of J-^f^^-^.y Either this component is regular in which case there is an almost super 
regular foliation J'-^it,-) Z^?^ t > t; or this component is an almost super regular foliation itself. 

Proof. Following Theorem l5.fl.l71 after passing to a subsequence, ^^(r^.o) converges to a partially 
smooth foliation .•), where Z//^(t-^ .) denotes the set of all its super regular disks. Theorem 

15.0.151 implies that there is at least one super regular disk which is the limit of a sequence of 
super regular disks in J^(j,^(Ti) with uniformly bounded capacity (cf. formula l5.2|) . Therefore, 
^V'C^oo,-) is non-empty. 

For convenience, let B be the union of all disks in MiP{t^^.) which are sequential limits of 
disks in hl^^(^T--y By definition, any leaf in B, is the limit of some sequence of disks in M.ip^.. 
Following Theorem 15.0.141 for any such sequence of disks, the corresponding sequence of leaf 
vector field in TM has a uniform upper bound on length. In particular, all leaves in B have 
a uniform upper bound on the length of their leaf vector fields. Consequently, any sequence 
in B must have a convergent subsequence where the limit is an embedded disk in Mt^. It 
follows that ;S is a closed, bounded set in the moduli space. On the other hand, by the choice of 
our generic path in Theorem 13.4.101 the moduli space at t = t^o admits at most finitely many 
non-regular, embedded disks. Therefore, all disks in B^ except at most a finite number of disks, 
are regular. Consequently, the evaluation map is continuous everywhere in B and differentiable 
except at most a finite number of points (leafs). 

Moreover, .-) is an open dense, and irreducible subset of B. If Too / ifc, (1 < ^ < Oi 

then all disks in B are regular and the set of disks which are neither super regular nor almost 
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super regular has codimension at least 2. In this case, B = -^^(too,-) almost super regular 

foliation. On the other hand, if Too = tfc for some k, then either B contains a finite number of 
singular disks, or all disks in B are regular where the codimension for non-almost super regular 
or non-super regular disks may be 1. In the case that B contains a finite number of isolated 
disks, the codimension of non super regular disks or non almost super regular disks must have 
codimension 2 or higher. In this case, B defines an almost super regular foliation. The last 
remaining case is that B is regular but the the set of non-super regular or non-almost super reg- 
ular disks may have codimension 1. In this case, we can perturb this component B for t — t > 
small. Following Proposition 1114.^ the connected component after perturbation defines an al- 
most super regular foliation for t > i. 

In all cases, it is easy to see that (poo is smooth in an open dense subset 7^0^ of S x M. 
Moreover, we can show that B is unique since the corresponding partially smooth solution in 
the limit is unique. This in particular implies that the limit -^^(too,-) independent of the time 
sequence Tj — > oo. 

□ 

Now we return to prove our main theorem. 

Proof. To prove openness, we assume -^^(f,.) is an almost super regular foliation. Here we 
follow the notations in Theorem 13.4.101 Without loss of generality, we may assume i < ii. If 
t < ti, then is smooth. In particular, the connected component Z^(^{f,.) is smooth without 

boundary. Following from the standard deformation theory, this component will deform to a 
smooth component l^^(t,-) of -^i/){t,-) for t — t > small enough. By Theorem 13.4.81 and 13.4. lOT 
U^it,-) induces an almost super regular foliation, so the openness follows in this case. 

Now assume i = ti. We want to show that for ii = i < t < i2, there is an almost super 
regular foliation J^^p^t,-) ■ 

By our choice of the generic path ip, we may assume that there are a finite number of em- 
bedded, non-regular disks in liip[t,-)\^ip{t,-)- Since we are interested in preserving this connected 
component U^(i^.-^, we want to rule out the possibility of either a "merge in" or "spin off' oc- 
curing. In other words, there might be another component of A^^(f .) connecting with l^^(^t,-) 
through these isolated singular disks: Two components before t = i may merge locally into one 
smooth connected component after t = t. The situation can also occur in the reverse order: an 
open set of the moduli .■) may pinch off of a "neck at t = t and go on to become 

two separate components after t = t, at least locally near this "neck.." We call the first case 
"merge-in" and the second case "pinching-off " . If either one occurs, this "good" component will 
change after singular disks. The deformation of almost super regular foliations is impossible if 
either of these phenomenon occur beyond the time when singular disks appear. We will deal 
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only with the "merge-in" case here, since the other cases (hke 'the 'pinching-ofF" case) can be 
handled in a similar fashion. 

Note that the "merge-in" of the moduli spaces occurs only at singular disks. Since there is 
only finite number of singular disks and "merge in" only occur locally near singular disk, we 
may assume without loss of generality, there is only one non-regular disk / in Z^^(t) . 

Without loss of generality, set t = ti and Ait = -^tp^tfi) almost super regular foliation 

for any t & {0,t\ . Suppose / is the only isolated singular disk at t = t. Then the metric ball 
Bj.{f) in Mf can be represented by a cone in 

k 2n+l 
i=l i=k+l 

where 

2n+l 

E < 

i=k+l 

Here (0, 0, • • • , 0) represent /. The "merge in" or "spin off' case corresponds to = 2n or 
k = 1. We diskuss the "merge in" case here. For i—t>0 small, the corresponding metric ball 
in Mt is 

2n 

E ~ ^2n+l = t-t, Kr"^ +i-t, X2n+1 > 0. 

i=l 

For t — t > small, the corresponding metric ball in Ait is 

2n 2n 

E ~ ^2n+l =t-i, ^ < t - t. 

i=l k=l 

Choose a continuous path of disks f{t) G M^(^t,-) such that f{t) = f and f{t){t ^ t) is either 
super regular or almost super regular disk. For notational simplicity, we denote f{t) by /. Note 
that for r > small enough, the intersection Br{f) PiAit consists of two disjoint disks for t <t, 
but is cylinder-like for t > t. We consider the intersection of this ball with the central fibre 
{0} X M. In this proof, we use ev to denote the map tt o ev{0, •). Set ev{f ) = p. 

Note that for t > i, the boundary of Br{f) is made of two components Ni ~ N2 ^ S'^^^^ 
(~ means diffeomorphic to) which are homotopic to each other in Bf.{f)- These boundary 
spheres are perturbations of dB^{f) n M.^(t,-)- Pick up one of these spheres, say Ni for t > t. 
Since each component of ev{Br{f) fl Ai.,p(t,-)) bounds a deformation retractable domain in the 
central fibre {0} x M. By continuity, ev{Ni) also bounds a domain 0, which is deformation 
contractible to an interior point g G $7 for i — f sufficiently small. Let us denote this contraction 
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by F : [0, 1] x ev{Ni) ^ Q such that F{0,p) = p and F{l,p) = q for any p £ ev{Ni). Since 
the set of disks which are neither super regular nor almost super regular has codimension 2 or 
higher, there is an open subset V C ev{Ni) such that -F([0, 1) x V) does not intersect with the 
image of the set of disks which are neither super regular nor almost super regular. Now we can 
lift this -F([0, 1) X V) to Ait since any point in the subset has its pre-image covered by either an 
super regular disks or an almost super regular disk. This implies that there is a subset such 
that ev{N^) is a single point, where consists of all limiting points of the lifting of [0, 1) x V . 
Clearly, any disk in A^3 is neither super regular nor almost super regular. Observing that 
has codimension one, we get a contradiction to the fact that the set of all disks which are not 
almost super regular has codimension at least two. 

By similar arguments, we can prove that there is no "pinching-ofF' at t = t . □ 

4 Basic curvature equations along leaves 
4.1 Introduction 

In this section, we show some deformation results for solutions of the homogenous complex 
Monge Ampere equations. In particular, we give a basic curvature formula for the restriction 
of involved metric to leaves. This formula plays a crucial role in deriving key a priori estimate. 
Suppose that is a solution of 1)1. Suppose that the vTgW + ^/—Iddcp, referred as the Levi 
form, has constant co-rank 1. This gives rise to a foliation of the domain by holomorphic disks. 
We further assume that: 

At each point of the domain, the leaf vector field is always transversal to a M. 

Under this assumption, the Levi form restricts to a Kahler metric in M for each z E E. 
In this way, a solution of (|1.H) can be alternatively viewed as a disk family of Kahler metrics 
satisfying certain geometric conditions. To understand the geometry of this family of Kahler 
metrics, we will study the restriction of the complex tangent bundle TM over this family of 
holomorphic disks. These bundles are equipped with natural Hermitian metrics, so we obtain 
a family of Hermitian bundle over disks. In this section, we will compute curvature of these 
Hermitian bundles. The main results are 

1. The curvature of these Hermitian metrics is always non-positive (Theorem 14.2.8)) : 

2. The foliation is holomorphic if and only if the "trace of the curvature" of these Hermitian 
metrics vanishes (Theorem I4.2.9|) : 

3. The trace of the Hermitian curvature is always super harmonic ( Cor ollarv 14 . 2 . 1 ij) . 

The results in this section lay foundations for the global deformation of almost super regular 
foliations in this paper. 
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4.2 Hermitian Curvature formulas 

In local coordinate, we write 

n _ n _ 

a,P=l a,l3=l 

where 

As before, z denotes the coordinate variable of S. Then can be re- written as 

,/^^ = 0. (4.1) 



dzdz ^ dzdwj3 dzdwa_ 

Here we are assuming that ui^j, = loq + yj—lddcf) > in M. In this section, we will simply write 
g for the metric if there is no confusion. Write the leaf vector field (cf. Definition II .4.3^ as 



Denote the linearized operator by A^. There is a natural splitting of this operator since all 
disks are holomorphic: 

A, = dA, where 5, = — + (4.3) 

OZ OWa 

Proposition 4.2.1. The leaf vector field X (cf. Defi. is holomorphic in z. In other words 

[d,,d;] = d,x = 0. (4.4) 

Proof. Direct calculation. □ 

Proposition 4.2.2. The commutator of local differtial operator on TM and the leaf derivative 
dz is 

^ dvuj dwi dwa ^ duH dwldwa ^ 



Proof. 



dwi dz dwa ' dvui dwi dwa ' 
and 

d d d d 9< a 



dwj, dz dwry ' dwi dwi dwa 

□ 
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Remark 4.2.3. Note that that is not a globally well defined tensor, while ^= is a globally 
well defined tensor since 

In a local coordinate chart, suppose g^^ ^ = A_ where p is independent of the z direction. 
Let $ denote the local Kahler potenital for g, then 

$ = + p. 

Proposition 4.2.4. For global Kdhler distortion potentials, the following is true: 

^-A = dA{(t^) = -\X\l^- (4.6) 

Proof. By a straightforward calculation. □ 

Lemma 4.2.5. (The Bootstrapping lemma): The following commutation formula for the third 
transversal derivatives holds 

^--a-^9o- and - g (4 7) 

OWi ^ OWi OWiOWp 

Proof. In local coordinate, we have 

Q g.- = Q ^ d Q df <9r?" _d<l> 

zilip ^ dWidwg dwi ^ dwg dWi dwadwa 

_ _drf^ 

On the other hand, 

^ dwidwfs dwi ^ dwfs dwi dwpdwa 

_ _drf_ _ 

□ 

Remark 4.2.6. The significance of this equation J^. ?D is that it changes the 1st derivatives 
on the transversal direction into the 1st derivatives along the disk of the 2nd order jet of local 
Kdhler potentials. 

Lemma 4.2.7. (Regularity lemma). The following equation holds along the disk (for any a,i = 
1,2,- --n): 



Q-drj"' /'dr]l^\ dr]'^ ^ -Q-dr]'^ fdriP\ drj°' 

^dwi KdwlJ dwis' ''dw'i \dwi J dwp 
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Proof. This lemma follow from the commutation formula (|4.5|1 and Lemma 4.2.5 immediately. 

□ 



The major obstacle in establishing an a priori estimate for (jl.ip is that its linearized operator 
Az only has rank 1. This is a severe restriction in deriving any meaningful estimate directly. 
However, we may restrict the fc — (fc = 0, 1, 2 • • • )th jet of the potential function $ along the disk 
and study the geometric equation it must satisfy. Notice that the restriction of TM bundle to 
the disk is a trivial C" bundle. At each point, is a Hermitian metric in this TM bundle over 

disk. Suppose that (^^fj^ is the Hermitian curvature of this Hermitian metric. 
Theorem 4.2.8. The curvature of the bundle metric is always non-positive. 
Proof. 



rpr 
^ a 



Q_drf_ drf dr)^ 

^ dwa dwi dwa ' 

It is not difficult to see that the last term in the right hand side is a Hermitian Symmetric 
non-positive 2-tensors. For any holomorphic section s : S — > T^'^M, we have 

F{s,s) = F^s^s^g^^- 

awi aw0 ^<Pa-y 

The last inequality holds since (p is real valued potential function and the (2, 0) or (0, 2) part of 
the Hessian is symmetric. □ 

A quick corollary follows 

Theorem 4.2.9. This foliation by holomorphic disks is a holomorphic foliation if and only if 
the curvature of these Hermitian metrics vanishes. 

Proof. This is quite evident from Theorem 14.2.81 □ 

Proposition 4.2.10. 9^''^' is holomorphic along the disk. 

Proof. 



dwk ^ dwk 
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Now, we have 



□ 

Corollary 4.2.11. .The anti- canonical line bundle in M equipped with as Hermitian met- 
ric, restricted to a holomorphic disk, has non-positive curvature. More precisely, we have 



A, logu^ = d,d, logo;; = g j . (4.9) 

Note that the right hand side measures whether the given geodesic(or disk version) is holomorphic 
or not. 

Proof. In a local coordinate, we have 
Thus, 

dwoi dwp — 

□ 

Set —S = F'^a = J^^f = <A zip 9<f>'''^ 't',za (J > (this denotes the covariant derivatives 
w.r.t. g^.) as the trace of the curvature of this TM bundle with Hermitian metric 5,^. 

Theorem 4.2.12. The trace of the Hermitian curvature satisfies the following 

^ ^ ^ dwl dwi dwp / I ^ dwa dw^ dwa j 

drf drP dn^ dri'- 
+2^^^^ 4.10 
CfWi OWoi ow^ OWp 



dwl dwa 



This was first derived in 1996 by the first author and S. Donaldson using some different methods. 
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Proof. According to Lemma 14.2.71 we have 



Thus 



We have 



Oz = — . 

dwi dwi dwp 



^ ^ dwi ^ \ dwi J dwfj dwi ^ dWj} 



_ drf_drf_drf_ _ drf_Q drj" 
dWi dwp dwp dwi ^ dwp ' 

A (drfdrl_\ 

^ \^ dWi dWa J 

Q ( dv°' \ Q- ( dy' \ I dy'^ dy" dg^ dy' 
^ y dwi J ^ y dwa J dwi dWp dwa dwp 

_l_ j dyP dri^ dy'^ drj^ o dri°' \ dy^ 
y dwi dwp dwp dwi ^ 9wJ J dwa 



I dy" j dyP dyf^ dy^ dyf^ o dy^ 
dwi y dw^ dwp dwp dw^ ^ dwp 

a ^ /.92i'\ _|_ ^iZ *?!L^ _ ^ ( §lfL\ drf_ dyi_ 

^ y dwi J ^ y dwa j dwi dwp dwa dwp ^ y dwp J dwi dwa 

dy"' dy^ ~q~ dy^ . dyP dy^ dy" dy^ , dy" dyP dy^ dy' 

dwi dwa ^ dwp dwi dwp dwp dwa dwi dwa dwp dwp 

Q ( dy" \ 'q~ f _drf_\ . dyl^ dy" dy^ dy^ Q ( ^HH.] c?r;' dyP 

^ y dwi J ^ y dwa j dwi dwp dwa dwp ^ y dwi j dw^ dwa 

dy^ dy" g~ dy^ , dy^ dy^ dy" dy^ , dy" dy^ dy^ dy^ 

dwi dwp ^ dwa dwi dwp dwp dwa dwi dwc, dwp dwp 
(q 9rf_ _ drf_ drf_\ /g" dy^ _ dr£_ drf_\ _ drf_ drf_ drf_ drf_ 
y ^ dwi dwi dwp J y ^ dwa dw^l dwa J dwi dwp dw^ dwa 
I dy^ dy" dy^ dy' . dy^ dyl^ dy" dy^ . dy" dy^ dy^ dy^ 
dwi dwp dwa dwp dwi dwp dwp dwa dwi dwa dwp dwp 
Q drf_ _ drf_ drf_\ f-Q- drf _ drf_ drf_\ _ drf_ drf_ drf_ dr£_ 
^ dwi dwi dwp J y ^ dwa dw^ dwa J dwi dwp dwa dw^ 

. dy" dyP dy' dy^ , dy^ dyf^ dy" dy' , dy" dyP dy^ dy' 
dwp dwa dwp dwi dwi dwp dwp dwa dwi dwa dwp dwp 

( Q^a Q^i3 Q^a \ / — — Q^i Q^z g^p \ 2 dy" dy^ dy^ dy' 
^ dwi dwi dwp J y dwa dw^ dwa J dwi dwa dw^ dwp ' 

The last equahty holds because in the line above the last equation, the 2rd term and the 3rd 
cancel each other, while the 3rd and 4th term are the same. 

Note that dz^= — iS= jr— is a tensor since 

^ awl awl dwp 



Qdrf^_d^dy^ ^ d_dy^ , r _d_d^ _ drf_ f drf^ r^a _ „rpa 

^ dwi dwi dwp dz dwi ' dwr dwi dwi \ dwp ' r 13 I r (3 

- d dy" . r( d dy" . dyf' yg \ dyf> a 

~ dzdwl^'l ydwr dwi ^ dwi r 13 J dwi ' ./3 

_ d_drf^, r a_ dyf' a 

~ dzdwl^'l 'I ,ir dwi ' 
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Moreover, this is a (0,2) symmetric tensor since 



f) drj^ _ drf drf_ _ o ( _^a'p f) 9^$ \ _ drf drf_ 



dwl dwq y V 27 dwidwi3 Sfwl dwg 

y ^"^> dw,dw0 



Thus, the first term in the equation ()4.1Up can be changed into 

Q dri°' dr]!^ dr}°' \ ( ~q~ drj' drj^ drjP 
2 dWi dWi dwa J \ ^ dWa dWa 



dwidw/s 

The lemma is then proved. □ 

This theorem should be compared with Calabi's third derivative estimate for the non- 
degenerate Monge-Ampere equation. Following a result of R. Osserman[2S] (later generalized 
by E. Calabi|3]), we have 

Proposition 4.2.13. Let d denote the Euclidean distance to the boundary of S. Then, there 
exists a uniform constant C such that the trace of the curvature has the following interior 
estimate 

n „ 

5(z,x) = -V 



This estimate plays a crucial in obtaining a priori estimate for super regular discs. 



5 Compactness of holomorphic disks 

In this section, we continue our study of the HCMA equation from the point of view initiated 
in the previous section. Namely, in the foliation by holomorphic disks of S x M, we study the 
family of restricted TM bundles equipped with the varying Hermitian metric g^. We introduce 
two geometrical quantities which can be used to study the compactness problem of holomorphic 
disks. For any (j)Q : dTi 7i and any holomorphic disk / G A^^q' define its area as 

A{f)= ^ (^^dzAdz + f*LUoy (5.1) 
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Note that this is the area of tt o /(S) in S x M, not the area of /(S) G S x Wm- When no 
confusion is possible, we will not distinguish between /, vr o /, or even 7r2 o tt o /. Similarly, we 
also define the Capacity for any super regular disk f in Mcp^ by 

Cap{f)= / '-j^^^dzdz. (5.2) 

for some zq G 5S. For simplicity, we fix z^^ in this section and assume without loss of generality 
that </)o(^0) ■) = 0- Under this assumption, ^^0(20,.) = ojq. Obviously, a non-super regular disk 
has infinite capacity. 

Let us set up some notations first. We will fix a positive number a G (0, 1) in this section. 
For any e, (5, A, let ^0 be any map from 5S to H, which satisfies 

> (^"^o, ||'^o||c2.«(9SxM) < A. (5.3) 

We further define C((5, A) as the space of all embedded holomorphic disks in S x Wm with 
vanishing normal Maslov indice, whose boundary lies in A^^. The space C{6,A,Lq) is a subset 
of C{S,A) such that for each disk / G C{6,A,Lo), the corresponding compatible solution ^ of 
HCMA (1.1) is smooth locally and 

\cl)\ci,i<Lo (5.4) 
hold in a small neighborhood of /(S). Define 

C{S, A, Lo, Li) = {/ G C{S, A, Lo) | A{f) < L^} 

and 

C{S,A,Lo,Li,L2) = {/ G C{S,A,Lo) \ A{f) < Li,Cap{f) < L^}. 
In this Section, we will prove 
Theorem 5.0.14. The space C{6, A, Lq, Li) is compact in C(6, A, Lq). 
Theorem 5.0.15. The space C{5, A, Lq, Li, L2) is compact. 

Suppose is an almost super regular foliation, we want to identify with an open and 
dense subset of M via evaluation map: 

ti : S X M4,, S X M 

(zj) Troev{z,f) 

Then, ft is invertible on S x Utp^. Define F = n o ev o We can identify U^^ with some 

open dense subset tt o ev{zo,U(j)g) of M. We will use this point of view from time to time in this 
section. 
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Theorem 5.0.16. If (po satisfies inequality i5.cl\) and if J-^q is an almost super regular foliation, 
then there exist two constants Lq,Li which depend only on 6, A such that 

U^o C C((5,A,Lo,Li). 

Moreover, 



Cap{f)u;l^,^^.^= / Cap{f)u;^<C. 

These three theorems can be used to derive a compactness theorem of sequences of almost 
super regular foliations. 

Theorem 5.0.17. Suppose {(j)o^'^\m G M} is a sequence of functions in C°^(9S,'H) which 
satisfies the uniform bound of 115. ^A) and converges to 00^°°'' £ C°°(9S,'H) in the C2'"((9S x M) 
norm. Suppose that {J^ (m) , m £ M} is a sequence of almost super regular foliations, while 

iliQ corresponding sequence of almost smooth solutions with Drichelet boundary value 
{(/)0^'"^}. Passing to a subsequence if necessary, T^^^{ra) converges to a partially smooth foliation 
J^^^(oo). In particular, at least one component o/ A4^^(oo) contains at least one super regular 
disk. Moreover, (f)^"^^ converges in the weak C^'^ norm to (p^°^^ such that w^j^, is a continuous 
volume form on T,^ x M. 



5.1 Proof of Theorem I5.().1HI 

Proof. Suppose that (p is the corresponding almost smooth solution of the HCMA equation 11.11 
with the prescribed boundary map 0o '■ d'^ ~^ By Theroem 1.2 [H], there is a uniform 
constant C{5, A) such that 

\dd(l)\< C{6,A). 

It is clear that for any super regular disk / G ^^g, any local compatible solution to HCMA 
equation (1.1) must agree with (p in any small open and saturated neighborhood of vr o /(S) C 
S X M. Next, we want to show that each disk must also have a uniform upper bound on its 
area. 

Lemma 5.1.1. For any regular disk f : —^(Ex Wa/, A^j,) where (p is the corresponding 

"almost smooth" solution of eauation M.li There is a uniform constant Li which depends only 
on 6, A such that A{f) < Li holds uniformly. 

Proof. Recalled that the leaf vector field X (cf. eq. (|4.2|) ) along this disk in S x M can be 
expressed as 
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According to Corollary 14.2.41 we have 

d d 



dz dz 



Using this holomorphic map /, the pull back of the fixed product metric metric on S x M to S 
is: 

r(5o + |d^p) = \i + x\i\dz\^ 



Thus, the area of any disk is : 



n-k^A^of)\dz\^ 



^1 + /es (§1 



a/3 (9^0 
^0 dzdwjj dwa 



las -He |c^zp, 



where ns represents the normal direction on the boundary of S. On 9E, we have 

= goa^i ^ + V^ddcpoi z , ■) > 5 goap- 

Thus, 

/.I = l^l+/aE(l!-5f^^)|aE-nE|d.p 
< Lii6,A). 



Now we return to the proof of Theorem I5.U.16I Note that 



□ 



7?*, ,'' 



4> - ^M^o) - 



and 



TP*, 1" 



'^0 , ,n 
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Thus 



lMkF*^o'^d zAd 



z 



In other words, we have 



/ 

Jm 



Cap(E^)dx=/ [ l'^] oF d z d Az dx <C. 



where C is a topological constant. This concludes our proof of Theorem 15.0.161 □ 

5.2 No vertical bubble— Proof of Theorem 15.0.141 

We want to re-phrase Theorem 15.0. 141 

Theorem 5.2.1. For any sequence of super regular disks (in a sequence of almost super regular 
foliations {{(j)o^^\L{^^^(m)),m G N}), there is no vertical bubble in the limit provided that the 

corresponding sequence of boundary maps ^'o'^^^ converges in the C^'"(5S x M) norm to some 
potential function (/)o°°^ in the completion ofTL by C^'"(9S x M) norm. 

Proof. Suppose 

f{m) : s S X Wm 

z ^ (z,,/(™)(z),C("^)(/M(z))), m = l,2,...oo 

is a sequence of super regular disks in {{(j)Q^"^\l{^^_^(,n)) , m G N}. According to Theorem 5.0.16, 
there exists two constants Lq, Li such that all {f^"^\m G N} lies in C{6, A, Lq,Li. Recalled that 

dz dzdwis 

Here C is the corresponding fibre component of f^™-\T,) in Wm- In a local coordinate, we write 

cw.(...) = 5«:^(.,.), v, = i,2,...„ 

where p is a local Kahler potential for the given form u. Note that in a uniform size neighborhood 
of vr o C S X M, we have 
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In particular, there exists a uniform constant C{6,A) such that 



max I — — L < C. (5.6) 

Consequently, all bubble points^^ that occur must occur in the interior of S x M (although the 
bubble may travel to some boundary point in the limit.). We want to show that no such bubble 
point exists; which in turns implies the present theorem. 

Suppose bubbling does occur and there is a sequence of points {zm,Xm) such that 

W.l.o.g, we may assume that lim z^ = z^o G S and lim = x^o S M. We want 

to argue that there exists a point z'^ £ i?2y^(-2m) fl ^ such that the area of B^^ {z'^) > cq for 
some uniform constant cq > 0. If the area functional were the area of a holomorphic disk in 
S X Wa/, then this follows from standard literatures in this direction. In our setting, this is 
still true. This in turn implies that there are at most finite number of bubbles. We give a brief 
explanation here and leave interested readers to fill in the details. 

Set dm = d{zm, dH). If dm > \em, then an easy calculation implies 

A(/(™),i3e,„(^„^)ns) >C0. (5.7) 

However, we need to establish inequality 1)5. 7|) even when |^ ^ 0. In such a case, there must 
exists another point z'm G dBi^(im~tm{0){^Br^{zm) such that 



5/( 



m) 



iz' x' ^\ >— X = f^'^'i(z 1 

\^mJ ^mJ \go^ o ' •^m J \'^mJ- 



dz 



This can be proved by using inequality ()5.6() and the maximum principle for holomorphic func- 
tion along a long strip. The main point is that, for this point z'^, the inequality ()5.7() holds. 
Consequently, there exists at most a finite number of bubble points. Next we want to argue 
that there is no bubble point at all. For this purpose, we consider two cases: z^o £ dT, or 
Zoo G S*^. In both cases, we want to show that the existence of a non trivial bubble must lead 
to contradiction. 

Part I: No bubble in the boundary. 



^"A point {{zm,Xm),m G N} is called bubble point if a) | ^^^^ ( •^m^^m) 1^0 ^ a,ii(l b) it is Si global maximal 
of I I90 in S X M. 
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We choose a number ^ G -Bi, to be fixed throughout the following argument. Set 
and 

lim) ^ ^ ^(m)^ ~ ^ ^ (^(™)(?). 

By definition, we have 

\Zm - 2m| < Cm ^ 0, V|?| < 1. 

Thus lim z m = -^oo • First set 

x„. = 7ro/M(<^M(<j)). 

Note that 

= ((^M (<j), TT O /M (,^M (^)), (^), TT o /M (<^M (^)))). 

Since lim i*^™^ = we may assume 

m— »oo 

lim = TT o ((f ) . 

m— »oo 

Set 

lim C^"^'(5„,x^) = C°°W- 

m^oo 

for some function We want to show 

C~(0 = a</)°°(zoo,7ror(0). 
Now for any < a < 1, there exists a uniform constant C such that 



{\Zm - 2^00 1 + |Xr„-7r 0/00(^)1)" 

Since lim (| 5 m ~ -^ool + \xm — tt o Z°°(<j)|) = 0, we have 



< C. 



lim (&\zm,Xm)-&\z^,-Kol^{^,)))=Q. 

On the other hand, we have 

lim (C^"*^( ^oo, vr o r (0) - 5(/>°°( ^oo, vr o {<,))) 

lim (d<i>^^\ Zoo, vr o ^°°(?)) - 9</)°°( -2oo, TT o Z°°(.j))) 



m- 

0. 
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Thus, 

lim U^"'\~Zm,Xm)-d<f>^iz^,7rol^{<i))) =0. 

m—>oo V / 

Consequently, 

r(0 = ^</.°°(zoo,7ro/-(<j)). 

Thus 

r(<j) = (zoo,7roZ-(O,50°°(zoo,7ror(O)) e {^00} X A.^,^oc(,^). 
Since G -Bi is chosen randomly, we have 

l°°{Bi) c {zoo} X A^^,^oo(^^) C { 2:00} X Wm. 

Next note that G OS, we have 

.^~(Zoo,-) = 0O°°(-2oo,-)- 

Thus 

is a totally real sub-manifold. This contradicts with the fact that l°^{Bi) C {z^o} x Wm is a 
holomorphic disk! Consequently, there is no bubble sphere/disk developing at the boundary of 
S. 

Now we proceed to part 2. 
Part 2: Non existence of interior bubbles. Suppose that Zqo € S° = S \ dH. Set 



4>^"'\,) = Zm+'^<; 

dm 



and Z*^"*) = f^'^^ o (;/!)("*) for ^ (5,„ — 0. For any k fixed, the following map has a non-trivial 
limit: 



00 



m— >oo ^-^ 

m=l 

Let k — > 00. Then defines a holomorphic map from to Wm with bounded area in E x M. 
Therefore, the image must be a holomorphic S'^. 
Here 

d(, dz 5m dzdwpSm' 

Set 

^ _ dzd^ ' 
~(m)a ^ _a(m) apd^^^ern 

' ^ dzdWB ^rn " 
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By assumption, 77^"*) has a non-trivial limit 77°° such that 

aj(m)a a;ooa 

— = jyM", and ^— =r?°°". 

The above equations imply 



S„ dzdwg ^ y y dzd^ Sm >9al3 



Thus 



Let be any smooth test function which vanish outside a compact domain of i?^. For m 
large enough, the domain of % is contained inside in the domain of Then, 



Jr2 dm OZ 



/r2 

Taking limit as m — > 00, we have 



/ 



This holds for any test function in M?. Now the image of l°° is a smooth in {zoo} x M. 
Therefore, l°°*u)o is an induced (smooth) Kahler form in this class. We may as well assume 
l°°*u!o is cohomologous to the standard Kahler form in S'^. Then there exists a bounded smooth 
function A in this 5^ such that 



100*, , „ ac:co B I j 



2 



(-21n(l + + Xol°°) dc, d^. 
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Then 



L 



(-21n(l + + A o + 0°° o /°°) = 0. 



R2 dc, dq 



Set 



$= (-21n(l + |?|2) + Ao/°° + (/)°°o/°°). 



Since x is an arbitrary test function, this imphes that <I> is a weakly C ' , one side bounded 
harmonic function in R^. Then $ must be a constant function c. Then 



is not a bounded function as <j oo. This contradicts with the fact that is uniformly 
bounded, which in turn implies that there is no bubble in the interior. 



5.3.1 Uniform C transversal derivatives of almost super regular foliations 

In this subsection, we continue to derive the a priori regularity estimate for the disk with uni- 
form upper bound on area and capacity. 

Theorem 5.3.1. Let $1 be any compact sub-domain in T,^. For any holomorphic disk f S 
C{6, A, Lq, Li, L2), there exists a constant C > 1 such that: 



Here C depends on 5, A, Lq, L2 and d{dQ,dTi). Moreover, this constant approaches to 00 if 
d{dn,d^) 0. 

Proof. Proposition 14. 2 . 13l implies that the trace of curvature of the TM bundle over the disk S 
has interior estimates: 

Corollarv 14 . 2 . Ill then implies 



</,°° oZ°° = c + 21n(l + + Ao/' 



'OO 



The proof of this theorem is then completed. 



□ 



5.3 Proof of Theorem 15.0.151 
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for some constants C2 which depends on Ci. On the other hand, finite capacity impUes 

This in turn impUes that in a shghtly smaher sub-domain i7i C Jl, we have 

a;" 

lln^-Csl <C4 

for some constant C3 which might depends on (j). The Key observation is that C4 depends only 
on C2,C3 and L2. Consequently, there exists a constant C5 such that 

Here C5 depends only on Ci,L2. □ 

Note that Vg, Vg induces naturally a map from TM to TM T*M. The image of the leaf 
vector field X under these two operators are of particular interest. In a local coordinate chart, 
we have 

= (IS + • 5^ ® = 9^ ® 

and 



Theorem 5.3.2. For any super regular disk f G C{6, A, Lq, Li, L2), the T*^^'^^M component of 
the first transversal derivatives of the leaf vector field is bounded in any compact sub- domain 
0, CT,. Namely, there exists a constant C depends on 6, A, Lq, Li, L2 and d{d^},dT,), such that 
(c.f. equation !15.5\) ) 

\\VdX\\g, < c, in n. 

Moreover, this constant C blows up if d{dVt, 5S) — > 0. 

Proof. For any z G i7, consider function d{z,dVt) ■ WVdXWgg^z). This is a non-negative function 
in Q which vanishes on dQ. The maximum value must be attained in Q^. If this theorem is false, 
then there exists a sequence of super regular holomorphic disks {/^™^} C C{6, A, ^0,^1,^2) such 
that 

lim maxd( z ,dn) ■ HV^X^™) |L,,( z) = oo. 
Without loss of generality, one may assume that the maximum is attained at the point Zm- Set 

hm Zm= Zoo ^ ^■ 

m— >oo 
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On the other hand, Theorem I5.U.14I imphes that there exists a subsequence of which 
converges in C{5, A, Lq,Li,L2) as an embedded holomorphic disk. W.l.o.g., we may assume that 
ig fixed but the restricted TM bundle varies. Denote the sequence of re-scahng factors as 



— = l|VaX||<;o( Zm) OO. 



Write this sequence of disks as 



where 



Moreover 



^Ma(^) ^ d{p±^ ^ Va = 1, 2, • • • n. 



n 

O 



1=1 



^ dwi 



and 



dz dzdwfs 
Theorem 15.3.11 imphes that there is a positive number C3 > such that 



hold uniformly in 17 since d{Q,dT,) > 0. Combining this with the C^'^ estimate in there 
exists a small positive constant eo > 0, such that 

holds for these disks on J7. Set 

d 



0=1 

where 



= em ??^"'^"(em • 2; + 2m, -w)- 

Moreover, 



|VeX(™)||,„(0) = • ||V9X(™)||g„( zm) = 1. 
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Set 

^^"^^ ={z\em - Z + ZmC^n}. 

Clearly 

lim d(0,9J^("^)) = lim d(0,5f)(")) • iVeX^^^LJO) 

m—>oo m—>oo 

= lim diz^,dn)-\\VaX^"'^\\g,izm) = oo. 

In other words, 
Here 



el,-S'^^\z^ + e^z ,w). 



Then 5'-™^ still satisfies the inequality 



n 

in n^'"). Consequently, we have (cf. Proposition. 14.2. 13() 
for any fixed k and m — > oo. Recall that 



ray y \ dz ) \ d-z 



,a/3 V / ,aa 

The last inequality holds because has a uniform upper bound. Thus, 

lim em ■ r,- = 0. 



Consequently, we have 



lim — = lim • -tt- 



13 '"^^ '^"^Z? 

02: 



lim e„, ( ] = q. 



,/3a 
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The last inequality holds since g'^^ has a uniform positive lower bound on Q.. 
Moreover, for any fixed z , we have 

||Vex(-)||,„( z )d{ z < ||Vax(-)||,„(o)d(o,ao(-)). 

Therefore '^^ 

||Val(™)||,.,(.) < l|VaXM|U(0)|2|g3l 

< 2.||V9X(™)||3„(0) 

< 4. 

Consequently, X/gX^"^^ is uniformly bounded and iVgX^^^lgp ~ 1 at the origin. By Lemma 

14.2.71 both ^Q^^ and are uniformly C"(Va < 1) bounded. Since g^^"^ has a uniform upper 

and lower bound in $7, we have 

Qfjini) 

lim (z, •) = 0. 

On the other hand, ^ is a bounded holomorphic function in the limit since ^q^^ = in the 
limit (cf. Lemma l4.2.7() . Therefore, is a constant matrix everywhere in the limit! Set 

g°? = lim gt\ ff^ = lim n^™). 

■I m—>oo 'j m-^oo 



Then 



Theorem 14 . 2 . 81 1 akes the form 



^Inxn<[glf)<CIn 



OzOz g -j - a 



where 



— = a"i, and - — = a^j 

OWi dWj 



^"The second inequality holds since lim d(0, 9^'™') = oo while d{0, z ) — \ z \ is fixed. 

m — >oo 

^^Note that 

a--(m)a 

-M.^^l — + »7<'"'^r^.(5o). 

where 

lim 7?''r^i(5'o) = lim ■ r?*™' ''r^i(5o) = 0. 

m — »oo m — >oo 

This is because the disk, when restricted in Q, uniformly converge to a smooth limit surface. Hence T'j^i{go) is 
uniformly bounded. Thus, 
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are constant matrixes. This clearly violates the maximum principle. Note that g'^ and its 
derivatives are uniformly bounded in the entire plan. The contradiction implies the constant 
matrix (a"i) must vanish identically which contradicts the blowingup assumption. □ 

Following Prop. 14.2.131 we can easily derive the following 

Corollary 5.3.3. For any super regular disk f E C{6, A, Lq, Li, L2), the T*(0, 1)M component 
of the first transversal derivatives of the leaf vector field is bounded in any compact sub- domain 
0, C Ti. Namely, there exists a constant C depending only on 6, A, Lq, Li, L2 and d{di},dT,), 
such that (c.f. equation \5.5\) ) 

WVeXWg, < c, in n. 

Moreover, this constant C blows up if d{d^l, dT,) — > 0. 

5.3.2 The Limit of Super-regular disks with finite capacity is Super regular 

Theorem 5.3.4. Suppose that {0o^™\ ^ ^ is a sequence of loops in C'^''^{dT,,Tl) which 

satisfies the uniform bound i5.S\) and /("^^ : ^ x WM,A^^(m)^ is a sequence of 

super-regular holomorphic disks in C{6, A, Lq, Li, L2). There exists a subsequence of {fm} which 
converges to an embedded, super-regular holomorphic disk. 

Note that this in fact implies Theorem I5.fl. 151 

Proof. We use 1 < i,j,k,a,l3,^ < n to denote the labels on Kahler manifold M, and use 
1 < p,q, ■■■< 2n to denote the labels in the moduli space U^,^. By definition, we have 

Qjp{m)i 

—— = 0^ Vi = l,2,---. 

Let Up"^^ = II ^al'"^ llvFi'^(s)- Following the standard theory on elliptic problems, there exists a 
uniform constant C{5,A) (which depends on the totally real boundary sub-manifold) such that 



dtp ^ ^ p 



On the other hand, we have 



d z dtp dwa dtp dwp dtp 

Q Qpijn)i 
dz dtr, 



0. 
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By Theorem 15.3.21 we have 

li^U + I^U<C (5.10) 
uniformly in any sub-domain C S such that d{dQ, dTi) > 0. Fix Q now. 
For any G 0, and we re-parametrize the family of disks such that for 

f(™)(zo,p) = (^o,x(p)), 

for any {zQ,t) in the domain of F^"^\ This is possible since is a super regular disk. By 
definition, we have 

/ Qp{m)i Qp{m)i\ 

\ dt„ dt„ I 

\ ^ /2nx(2n) 

is non-singular at z = zq. From the equation (|5.9p and a priori estimate (|5.10p . we have the 
following important Harnack type inequality 

Qp{m) Qp{m) Qp(m) 

C ■\—Q^\go{zi)<\—^\g^{z2)<C-\—^\g^{zi), Vzi, Z2Gfi. 

Here C depends on 17 only. Consequently, we have shown that 

/ Qp{m)i Qp{m)i\ 



dtp dtp 



2rax(2n) 



is a bounded and non-singular matrix in In particular, there exists a small constant c such 
that 

\ ^ ^ /2nx(2n) 

Here c depend only on 1)5. 9(1 . This implies that fp(l < p < 2n) has a uniform positive low bound. 
Now we claim that they all have uniform upper bound: 

sup i/^™) < oo. (5.12) 

m^oo 

Otherwise, there exists a subsequence (use the same notation for convenience) such that 

lim i/J™) = oo. 
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The matrix 

/ Qp{m)i Qp{m)i^ 



\ dtr, dtn I 

\ ^ /2nx(2n) 

is uniformly bounded from above and below on Q. Set 

„,M _ („Xm)l (m)2 _ (m)n 
\ p ' p ' p 

where 

(m) i 



P (m) ■ 

J^p 

Then, — > in $7 uniformly. Since is holomorphic on S, then converges to at 
least in S". This contradicts the fact that Up"'' has a non-zero limit. Consequently, our claim 
holds and Up has a uniform upper bound and 



' Qp(m)i Qp{m) 



dtp dtp 



2rax(2ra) 



is uniformly bound from above on S. Recall that F*uj^(ni) is an invariant form along disc 
direction. In particular, the pulled back of volume form is constant along the disc. Thus, we 
have 

det (5jT^)(.o) = det{9f){z)det[^^-^){z) 
< C det(4r))(z), V z GE. 



(m) 
Hj 

disk must be super-regular. □ 



Thus (7.™ has a uniform positive lower bound on S. According to Donaldson tlie limiting 



5.4 Proof of Theorem 15 . . 1 7l Compactness of almost super regular foliations 

We give a proof directly based on our work in the previous two subsections. 

Proof. As before, identify L{^^(m) with an open dense set M of M. For every point x in M, 
consider Qx as the holomorphic disk in li^^^m) which passes through the point (zQ) x). Set 

h^^\x) = CB.v{gtK^))- 

Theorem 15.0. 161 then implies that 

h^"'\x)dx= [ Cap((7i™)(S)) < C. 
M Jm 
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Therefore, for generic points x S M, there exists a subsequence of gx such that 

= Cap((7i™)) < C7(x), Vm = l,2,---oo. (5.13) 

According to Theorem l5.fl.l51 after passing to a subsequence if necessary, this sequence {goT^ , m G 
N} of disks has a uniform hmit g^. Moreover, the hmit disc is super-regular, in particular, regu- 
lar. Therefore, there exists a small open subset Bj.^^-j{x) in the moduli space such that the folia- 
tion 

SxB,.(^)(a;): ^ X Br(x){x) ^ S X Wm has a unique smooth limit : S x Br(x){x) 

S X Wm- Moreover, vr o induces a foliation in a small open, tublar neighborhood of 

g^^ C S X M. Consequently, /i^™) is uniformly continuous in B^(^x){x) C M. Following Lemma 

15.4.11 below, there exists a set E of measure 0, and a subsequence of /i^™^ (ultimately of g^^) 
such that /i*^™'-' is uniformly continuous function in any compact subset of M \ E. Theorem 
15. U. 151 again implies that the foliation has a uniform limit in this compact subset. We define 
(oo) = lim F^'") :ExM\F^Sx Wm- 

VO m—^oc 

For every x £ E, any disk in {gii^K m £ 'N} has a uniform upper bound on its area. Follow- 
ing Theorem l5.U.141 there exists a subsequence of disks {g^\ m = 1, 2, • • • oo} which converges 
to an embedded holomorphic disk This limit depends on the selection of subsequence 

apriori and may not be unique in general. However, the image of each limiting disk does 
not intersect the image of any disk of on T,^ x M. 

Let us expand the open set C Mjoo) by including E^o = [ \ S^°°\ Then, F^°°^ is 

x&E 

a partially smooth foliation (c.f. defi. I3.4.7() . where U^^^ao) is the set of super regular disks in 

The only thing remain is to show that u;^ is a continuous form on TP x M. As before, 
denote the image of super regular discs under the evaluation map vr o e?; as V^g. Let 5^,, = 
S X Af \ be the union of all of the singular points. Clearly, is a smooth (n, n) form in 

V^Q and vanishes completely in its complement iS^q.. To show that this (n, n) form is continuous, 
we just need to verify that, for any sequence {zi,Xi) E V^q which converges to {z,x) £ S^^, we 
have 

lim (oo)izi,Xi) = 0. 

Set fi to be the unique super regular disk in l^^^iaa) passing through the point {zi,Xi). With- 
out loss of generality, we may assume that this sequence of disks converges to some other disk /. 
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By definition, lim Cap{fi) = oo. In other words, 



UJ 



-1 



lim / ( ^4r^ I \dz\^ = oc. (5.14) 



/uj" (oo) \ 

However, log I — I is a sub-harmonic function with a uniform upper bound. Theorem 14.2.41 
and 14 . 2 . nn imply that, for any compact sub-domain Q C T,^, we have 



to' 



|A. log [^-^j\<Cn 

where depends on Choose Q so that Zi,z G 0,. Harnack inequality for neg- 

ative harmonic functions implies that, either log ( — J tends to — oo simultaneously in 17 

/ij" (oo) \ 

or log I — I are uniformly bounded from above and below. This dichotomy holds for any 

compact sub-domain of T,^. For any z £ Ti^ fixed, there is a unique map Wi : T, ^ M such that 
{z,Wi) lies in the image of vr o /j. If (passing to a subsequence if necessary) 



lim ( ) {zi,Xi) = c> 0, 

then 



to 

lim \J^\{z,w,{z))>Q. 



I— >oo 



Following the proof of Theorem 15.3.11 and Proposition 14. 2 . we can show that in fact, 



The fact contradicts the assumption that the capacity of this sequence of disks blows up. Con- 
sequently, the varying volume form ratio I — I must converges to 0. In other words, the 
volume form must be continuous in the interior of S x M. □ 



Lemma 5.4.1. Suppose {h^'^\m G N} is a sequence of continuous, positive functions in a fixed 
domain which satisfies the following two conditions 

1. The norm of h^^^ is uniformly bounded; 
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2. For any x G $7, i/ sup < oo, there exists a small neighborhood Ox of x 

l<m<oo 

such that this sequence (pass to a a subsequence if necessary) of functions {/i^"*)}^^]^ is 
uniformly continuous on Ox- 

Then, there exists a set E of measure at most and a subsequence of {/i^™) , m G N} such that 
this subsequence is uniformly continuous on any compact subset ofQ\E. Moreover, there exists 
a limit function h°° such that lim /i^™"^ = h°° on M \ E. Moreover, ttt^ is a continuous 
function. 

Proof. By an elementary and straightforward argument. □ 

6 The (modified) K energy along almost solutions 

In this section, we want to prove first that the K energy function is sub-harmonic along any 
almost smooth solution of HCMA equation 11.11 One can view this as a generalization of the 
fact that the K energy functional is convex along a smooth geodesic. Secondly, we want to use 
this property of subharmonicity to prove that the (modified) K energy has a lower bound in 
any Kahler class, provided that there exists a constant scalar curvature metric (or an extremal 
Kahler metric) in this class. 

6.1 The Subharmonicity of the K energy 

Suppose that J^^^^ is an almost super regular foliation and (/^o : S ^ is an almost smooth 
solution corresponding to it. Note that the evaluation map ev : T, x Ai^g T, x Wa/ is smooth 
everywhere. The set of holomorphic disks which are not super regular has codimension at least 
1 in the moduli space. Recalled that Vj^q = vr o ev{T, x U^^). As before, set S^^ = S x M \ V^q. 
Clearly, S/p^ is a smooth sub-manifold and HC^^ ^ ^) has codimension at least 1 at dT, x M. 
We follow notations in Sections in general. For convenience of the readers, let us re-state The- 
orem 11.3.51 here 

Theorem 6.1.1. Suppose that (j) : T, ^ Ti. is an almost smooth solution described as in Definition 
M.'j.'JX Then the induced K energy function E : S ^ M (by ^{z) = '¥j{(j){z,-))) is weakly sub- 
harmonic and continuous (up to the boundary). More precisely, 

^E(0(z, •)) = / > 0, V z € 

holds in in the weak sense. On dT,, we have 

JdJ^dn Jnoev{z,U^^) dz <^ 
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where ds is the length element of dT,, and n is the outward pointing unit normal direction at 

as. 

Before we proceed to the proof, let us note the following calculation scheme. For any function 

/ e C°°(S X M), we have 



Si Im f - Im §1^0 + Im f ^ 



r df ,n , r df o ,n 
JM dz^<t>^ JM dwc ^ ^<t> 

Im Uf) ^l- 



Similarly, we have 



d_ 

dz 



m Jm 



We will use these schemes throughout the proof below. We also need to use the decomposition 
formula of the K energy given in [7] fc.f. j28j^. For any (p G 7i, we have 

E(,/.) = / ln^J^^ + J{cP)+RI{<p), (6.1) 
JM ^0 

"if _ 

^('^) = E— T/ 4"""'A(^/^a5<A)[^l, (6.2) 
'Ji^) = -E^/ <Ai2ic(.;o) a4"-p-'1 A(^a9<^)W. (6.3) 

p=0 ^ + ^ 

Here R is the average of the scalar curvature function of any Kahler metric in [uj\. Note that 
the component / makes no contribution to the calculation of the 2nd derivatives of the K energy 
E. Thus, we can basically leave it aside as we calculate the second derivatives of the K energy. 

Proof. Let x be any non- negative function whose support lies inside of the set S x M \ S^^ . Set 

Kx = I Xlog— 



M ^0 



Then 

dzdz 



/m 5. 5. (x log I) J;^ 

Im x(a. log^ + a. ((a.x) log^)) 4"' + /m fe) (log ^ 

Im X I \l + Im X mciuoU rri^ 

+i Im idzx) log 5 J;^ + {d.xrn log |) J;^ . 
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Let v{z) be any non-negative cut off function in T,^. 

Is K^^zV = v{z) A^K^ 

= v{z) X I Vf^ \l J;^ + v{z) X Ric{u;oU ^"^^ ^t' 

- /e i • Im (dzX) log I + /, V (|) J^K 



Consider the evaluation map: 



S X M^, S X M 

(zj) ^ (^,vr(/(z))). 



Tlien, jj is invertible on S x U^^. Consider any C°° function G C^iU^^) C C°°(7W0,)) which 
vanishes on the boundary of U^^ . Set 

X{z, w) = (l){r'^{z, w)), V (z, u;) G S X M. (6.4) 

Then x(-2, u^) is a smooth function in S x Af whose support hes completely inside S x M\S^^. By 
definition, the disk derivative dzX vanishes completely along super regular disks. Consequently, 
for any cut off function defined via formula 1)6. 4|) , we have 

K^^.v=f v{z) [ x\V^^\lJ;^+f v{z) [ xi?icH,^r?V4"^. 
IT. Jt, Jm oz ^ Js Jm 

Now let (j) tend to Characteristic function of inside A^0q. Then, we have: 

The first and the last equality holds because that 

5 5 ^^^^''^o.-, rfrf ^ 

both vanish on 5^^. On the other hand, 

= -/m a^-MA4"-^i 
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The last equality holds since (j) is a solution to the Homogenous complex Monge- Ampere equa- 
tion. Therefore, 

Using the decomposition formula for K energy ()6.1() . we have 

/ (AMz)) E(<^(z, •)) = / v{z) I \l > 0. (6.5) 

This implies that the K energy functional is sub-harmonic in Ti^. Next we want to derive a 
formula for the first derivative of the K energy. For any v G C^(S), we have 

= k {Im ux) log f J;^ + h, xd. (I 

For any small 5 > 0, let = {z G S : \z\ < 1 — 5}. Since v{z) is an arbitrary compactly 
supported function in TP , we obtain 



^0 



where C is any smooth function. 

Now let X tend to the Characteristic function of S x M \ cS^j, . As before, the first term in 
the right hand side vanishes, we have 

C(4/ log^.W f c(-) / 4(^)4"'. 

For the K energy, we have 



UJ 



[n~l] 



Integrating by parts on the left hand side of equation 1)6. 5j) and letting v approach the charac- 
terstic function of S^, we obtain 



JaE, A W (3) '^o - /e. a /m S (^^^(-'o) -^^^ 



A . 
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The first and the third terms in the formula above, are both integration on 7roew(S x W^g) where 
Kahler metric is smooth. Therefore, taking hmit as (5 — ^ 0, we arrive 



isxM\5^o Jdj: \z\ Jm\s^^ \^qJ ias \A Jm dz 

In the above process of taking the limit, the only term which needs special attentions is: 

This is equivalent to say that the z— derivative of the K energy is continuous as z ^ zq G 
dT, {\z\ < 1 = \zq\, y Zq £ For any 6 > fixed, choose any 5 neighborhood of the set of 

non-super regular disks (Denoted by Eg C -M^Pq) such that 

lim mesiEx) = 0. 
.5-^0 

Set 

Ss = X Es). 

Let {ti,t2, - ■ ■ t2n) be the coordinate variables in Al^o and wi,W2, - ■ ■ Wn be the complex coordi- 
nate variables in M. Set 



J 



dti dtj 



as the Jacobi matrix. Then, J is a smooth complex matrix valued function in M , and invertible 
at M.(j)Q. Denote by r(a;o) the connection form of the Kahler metric which corresponds to the 
Kahler form uq. In the following calculation, we take covariant derivatives with respect to uq. 
Clearly, 



lim / dA'^uj'^= [ 

-»2oeas J{z}xM\Ss \^oJ J{zo}> 



z-»2oeas J{z}xM\Ss V^O/ J{zo}xM\Ss 
Now we need to show that the remaining portion is o{d). 



= 4o}x(i..n^.o) (l£-a(-oh'^)(|)det5„^det(J)cZt 
= 4o}x(i..n^.o) S (fe det(J)) det g^-,dt 

-4o}x(i=;,n".o) ^U^^^"^^ (l^jdet 5a^det(J)dt^0 
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as (5 — > 0. This is because all terms in the last formula are uniformly bounded and the measure 
of Es tends to as (5 ^ 0. Here 

Consequently, we have shown that 



SxA/\5^(, ^ Jqt, \Z\ JM\S^g / JdT, FI Jm OZ 

In other words, we have 

~ Jas an- 

The theorem is then proved. □ 

If we replace the almost smooth solution by a partially smooth solution, then 

Corollary 6.1.2. Suppose that (f) : ^ Ti is a partially smooth solution described as in Defini- 
tzon l j.,V.71 Then the induced K energy function E : S ^ R (by E(z) = E((/>(z, •)) ) is a hounded 
weakly sub-harmonic function in S such that 



2 



dzdz 



holds in S in the weak sense. Moreover, 



where ds is the length element of dT,, and n is the outward pointing unit normal direction at 

In the case of extremal Kahler metrics, E. Calabi showed [S] that any extremal Kahler metric 
must be invariant under some maximal compact subgroup of the automorphism group. Consider 
all the metrics which are symmetric under the same maximal connected compact subgroup of 
the automorphism group. According to there exists a unique extremal holomorphic vector 
field 

d 

Y = y" 

which is the gradient vector field of scalar curvature if the metric is extremal. Note that this 
vector filed is unique in each Kahler class. Consider 
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Here 0(0) is a real valued potential function for (j). It is well known that one can modify the 
definition of the K energy by this potential function such that the critical point of the new 
functional is the extremal Kahler metric. Set 



- jjR{<t.)-R-9mfJ;^ 



Here 6{(j)) is the real valued potential function for this holomorphic vector field. This is true 
when all Kahler potentials are invariant under the maximal compact subgroup. 

dm Yh 



9(f),al3- 



It is easy to see that 



d9 ..,84). do d' 



_ = Y(— 

flj. V flj. 



dt ^dt' dwc^dtdw^ 
Then, 

^ f flU^^*^, _ f fded<f> n d^<t, ,n ^<f>A (^<^>^\ [n] 



~ Jm \y<t> dwc atdwjj at 'OF at '^4>\ at) )^<p 

= Im (-0 A,(t) - ^ ^|vt 1^ + SI + t A,(t)) 

By a similar calculation, we obtain 

For an almost smooth solution to HCMA equation the second term vanishes completely. 
Note that if o;,^ is uniformly bounded from above, then ^(i;^) is uniformly Lipschitz. This is a key 
technical step in generalizing Theorem 6.1.1 to the case of extremal Kahler metrics. Similarly, 
the same approximating proof will will work in this case as well. Thus 

Corollary 6.1.3. For any partially smooth solution (f) ^ Ti (c.f. Definition M.'^.lp which is 
invariant under the maximal compact subgroup, we have 



oj^'^ drdz < I — — {<p)ds, 
JaT. 



where the left hand side is evaluated at points where Kahler metric is smooth. Equality holds for 
any partially smooth solution. Moreover, E is a bounded weakly sub-harmonic function on S. 



^The crucial point is that 9{4>{z, •)) is uniformly Lipschitz. 
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6.2 The lower bound of the (modified) K energy 

In this subsection, we want to use Theorem 16 . 1 . 1 1 and Theorem 16. 1 .21 to estabhsh a lower bound 
for the (modified) K energy. In Sections 6-8, for simplicity, we always deal with constant scalar 
curvature metric and K energy functional. The corresponding treatment of extremal Kahler 
metric is parallel and we leave for interested readers. Now we set up some notations here first. 

For any two Kahler potentials (jjQ^ipi G we want to use almost smooth solution to approx- 
imate the C^'^ geodesic between 0o and 0i. For any integer /, consider Drichelet problem for 
HCMA equation 11.11 on the rectangle domain S/ = [—1,1] x [0, 1] with boundary value as 



</)(«, 0) =00, 0(s,l) =</)i; 0(±/,t) = (l-t)</.o + (l-t)0i, (s,t)GSz. (6.6) 



We may modify this boundary map in the four corners so that the domain is smooth without 
corner. Denote the almost smooth solution by 0^'^ : — > 7^ which corresponds to this boundary 



Now we are ready to prove (cf. Theorem 1 1.1. 2(1 

Theorem 6.2.1. Any extremal Kahler metric realizes the absolute minimum of the modified K 
energy. Furthermore, the Kahler class is K-semistable if it admits a constant scalar curvature 
metric. 

Proof. We give a detailed proof for the case of constant scalar curvature metric. The more 
general extremal Kahler metric case is similar and we leave it for interested readers. Suppose 
that 4>o is a constant scalar curvature metric. Then ^^p- = = when t = 0. Our theorem 
is reduced to the following claim: 




Claim: B = E(0i) > E((/)o) = A. 



Let K : (—00,00) — > R be a smooth non-negative function such that k = 1 on [— i, i] and 



vanishes outside of [— |, |]. Set 




We may need to alter the boundary value slightly. 

because the decomposition formula for K energy l|6.1^ and the uniform C^'^ bound on 0' 
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Set 



Then 



/oo 
K(')(s)EW(s,t) ds. 
-oo 

/OO f'CO 
K«(s)E«(s,0) = / K^^\s)Ads = A, 
-OO J — oo 

/oo poo 
K(')(s)EW(s,l)ds= / i^^^\s)B ds = B, 
oo J —oo 



-dF l*=0 



= 0. 



Now 



E(</.i)-E(</>o) = 

.1 ^2^(0 



de 

1 "re /.oo ^2j.(0 



/O ^0 "^^^ 



= i^ii)(s)^^-^dsdtde 

Jo Jo J-oo 

pi I'd poo pi p9 poo a2-pi(i) 

= / / / K^^^is) As,t'E^^^ dsdtde- / / K^^\s) dsdtde 

Jo Jo J-oo JO JO J-oo 

/•I /-e /-oo r^^E^ 
> - / / K^^\s) dsdtde 

Jo Jo J-oo 



'0 JO J-oo 

"1 /-e ^2^(0 ( 




JO J-oo 



, ^ E^^\s,t) ds dtde 
ds^ 



rl p6 poo ^2^(0 



Note that |E(')(s,t)| has a unform bound C. Thus, 

/oo ^2 (I) POO rl'^^il) 

j-^kms,t)ds\ < Mjy-^u\ms,t)ds 



< ^ 



^ loo'^'^' ~l J-i 
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for some uniform constant C. Therefore, we have 

E((/)i) - E((/)o) > 

> 
> 

As I — > oo, we have 

Since (pi is an arbitrary Kahler potential, the theorem is then proved. □ 

7 Partial regularity of the K energy minimzer 

7.1 Strong convergence lemma for volume form 

In this subsection, we want to prove 

Theorem 7.1.1. Suppose that {(jjrmfn G N} zs a sequence of Kdhler potentials inTi with uniform 
C^'^ bound and suppose that (pm ^ </'o £ strongly in C^'"(V a < 1) and weakly in VF^'P forp 
large enough. If the corresponding sequence of K energies {E((/)m),m G N} is a cauchy sequence 
and 

hm E(0/) < B{(t>o), (7.1) 

(— »oo 

then converges strongly to in L^(M, w). 

Proof. Set fm = ^ C and g = Applying the decomposition formula of the K energy 
1)6. If) , we obtain that { fm log /m, m G N} is a Cauchy sequence. 

Since {<j)ul G N} weakly converges to (/>o in the W"^'^ norm for p large enough, the lower 
order part of the K energy converges to the corresponding lower order part of the K energy of 
(/)o- Thus 

/ filogfiLo''- [ glogg = B{<Pi)-B{cPo)+o{\)<o{h. (7.2) 

Define F{u) = ulogu. For any / large enough and for any e > 0, set F{t) = F(tfi + (1 — t){g + 
€))=F{at + b) where 

a = fi - g - e, and b = g + e. 
Note that a, b are both functions in M. Clearly, we have 

\a\ + \b\ < C. 



/■I 11 , d^K , ^ , , , , 



— oo 

jdtde = -^. 

Jo ^' 



E((/>i) > E( 
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Note that 

F'{t) = alog{at + b) + a, 



and 



Thus, 



a2 a2 



/^,F'(0)a;" = J,,{alogb + a)LO^ 

= ImUi-9- ^) + e)'^" + /m ifi-9- e)'^" 

= lAiifi-a-e) logig + e)co--oie). 
Taking the following double limits 

lim lim / F'{0)uj'' = lim lim ( / (fi-g-e) \og{g + e) - o(e) ) 

= lim (^j^ {g-g-e) log(9 + e) w'' - o(e)^ 
= lim o(e) = 0. 

The second equality used the fact that fi^g weakly in LP{M, uj) and the 3rd equality used the 
fact that \g\ is bounded. Thus, 

F(1)-F(0) = F{fi)-F{g + e) 

= F'{t)dt = F'(0) + £ F"{s) dsdt 

> F'iO) + j;j^^dsdt = F'iO) + 4.. 
Integrating this over M, we have, 

Im ifi-9- efco- = f,, a^co^ 
< 2C (F(l) - F(0))u;" - 2C F'(0)u;" 

= 2C fi log fi a;" - (g + e) log(5 + e)a;") - 2C J^, F'{0)co\ 
Using inequality (|7.2p . we have 

< C 5 log g u;" - (5 + e) log{g + e)co- + o{\)) - C F'(0)a;" 

< oie + \)-Cj\,F'{0)co^. 
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Consequently, we have 

2 lim / if I - gfLO^ = 2 lim lim / (/, - 5 - e + efiv"" 
< lim lim / (fi - g - efu)'^ + lim lim / oj'^' 



2, ,n 



lini lim / {fi-g-e)uj 



< lim lim o(- + e) + C lim lim / F'{0) uf" 

e^O 1^00 I e— >0 l—^oo J 



= 0. 

Therefore,— converges strongly to — in LP'{M,uj). □ 



7.2 Special properties of the K energy minimizer 

We follow the setup in Subsection 16.21 Passing to a subsequence if necessary, there exists a C 
map 00 : Si — > such that 



1,1 



1. converges to 0o weakly in W'^^'^iT} x M) for p sufficiently large, with respect to a fixed 
Kahler metric vTgW + Idzp. 

2. converges to </>o strongly in C"*^'" for any < a < 1. 

3. ^(s, 0) = (/)o and 0o(s, 1) = 0i- 

The first key step in this subsection is to improve weak LP(p > 1) convergence to a strong 

, ,n 

L? convergence for the volume ratio • 

Recalled the notation ()6.7p 

E«(s,t) = E(/)(s,t)), V(s,t) EE,. 

As before, i?^^-* is a uniformly bounded, weakly sub-harmonic function in S^'^ with boundary 
condition (|6.8|) . 

In this subsection, we assume that both of (po and are Kahler metrics with constant scalar 
curvature in the fixed Kahler class. Then, ^^f- = = when t = 0,1. Theorem 16.2.11 

implies the following: 

A = B= inf ^U) (7.3) 

and 

E«(s,t)>A, V(s,t)GSz. (7.4) 
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Lemma 7.2.1. As I ^ oo, the measure of the Laplacian As^^E^'^ tends to in any fixed 
compact subdomain. 

When there is no confusion, we will drop the superscript (1). 

Proof. Let ^ : (—00,00) — > M be a smooth non-negative cut-ofF function such that ^ = 1 on 
[—^,5] and vanishes outside [— f , f]- 

lLolLl\^s,t^is,t)\dsdt < jl_,aj)^s,tB{s,t)dsdt 

= f^_,e'{mis,t)dsdt 

< F/io lL-Xm-\Hs^t)\dsdt<^Jl, !l_iCdsdt 

□ 

Lemma 7.2.2. For any point {s,t) in a fixed compact domain in E^'^, except perhaps a set of 
measure 0, we have lim E(s,i) = lim E(^*-'^(s,t)) = A. 

i— »oo l—*oo 

Proof Set = As t E(') (s, t) > 0. In Si C S/, we have lim / /(^) = 0. Next, we decompose 
E« into two parts: 

e(0= ^(0 + ^(0, in 

2 

such that 

{As,t M^') = 0, where u(') = ^^^'^ 

A,,t = > 0, where v^^^ las', = 0. 

It is clear that v^''^ < 0. Since E^^^ is uniformly bounded, then u^'^ is a bounded harmonic 

function in such that 

2 

u^'\s,0)=u^'\s,l) = A, VsG[-^,^]. 

Taking limit as I 00, in any compact subdomain O, we have lim u^''^ = A. Consequently, 

i— >oo 

A < lim sup E^') 

Z— >oo 

= lim sup + u^'^) 

i— »oo 

< lim li(') = A. 

/— >oo 
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Therefore, for every point in r2(fixed), we have 



Urn e(') = hmsupE(') = A. 

□ 



LSUp . 



Combining this with Theorem 17. 1.11 we have 
Corollary 7.2.3. For any {s,t) £ Si, except perhaps a set of measure in Si, the volume ratio 

, ,n 

(I) 

^„ converges strongly in L'^{M,uj) sense. 

This corohary is crucial in the following arguments. 

For notational simplicity, set (pi = (p^^^ G Ti. Let C(s) = jq^- Then 

/ u'^ C{z)dz Adz <C,'i I e {I, oo). 
Lemma 17.2.11 and Theorem 15. 1.11 imply 



l uj^.dzAdz < / l\^E{z,-)dz Adz ^0 



3 2 

where 

When there is no confusion arised, we will drop the dependence on 

Now we adopte a sympletic point of view now: For any / > 1, the product manifold S/ x M 
is foliated by smooth holomorphic discs which are transversal to M direction, dictated by the 
structure of almost smooth solutions 0; of HCMA equation 1.1. In other words, for any zq = 
to + ^y—lso G El fixed, we may use {zq} x M as the parametrization space of the set of 
holomorphic discs which are transversal to {^o} x M. Note that this parametrization is effective 
except a set of codimension 2. Along each holomphic disc, the (n, n) form u;^ is invariant. The 
above two inequalities can be re-stated as: 

— Ciz)dzAdzAujl<C, (7.5) 
M Jt.1 ^4,1 



and 

|2 



M JEi ^UJp 
3 



-^\ldz Adz A^l^O. (7.6) 
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Choosing any point Zq in the interior of Si such that converges strongly to 

in L^(M, w). For any function h in M, we can normalize it by the following 



hix) 



lim (p h, if limit exists, 
0, otherwise. 



Then, h{x) differs from the original function at most at a set of measure 0. Now, we decompose 
{zo} X M into the union of two subsets Fi and F2 such that 

. n 



and 



-(zo,x) =0,VxG F2. 



Clearly, mes(Fi) > since 

mes(Fi) = /p^w" 



to ^ 

where ^ is the upper bound of the volume form ratio ^ {zq, •) in M. 

Ultimately, we want to show that mes{F2) = 0. This is not attainable at this point. However, 
we can prove the following strong statement about the volume form ratio in the limit. 

Theorem 7.2.4. There exists a uniform constant eo, which depends only on (po,(pi E H (in 
particular, independent of x), such that, excluding at most a set of measure from Fi, we have 

-=-{zq,x) > eo, y X e Fi. 

Proof. By our choice of zq, -^{zq, x) -^^( zq, x) strongly in L?'{M, uj). For any 5 > 0, there 

exists an open set Es with measure £^5 < | such that '^^^^{zo,x) — > -^-{zq,x) pointwisely in 
{ zq} X (M \ Es). Set li{z) : {zq} x M — {z} X M as ths syndromy map such that {zq,x) and 
{z,li{z){x)) lies in the same holomorphic disc. Then, ii{z) is well defined for generic point of 
X G M. Now set 



Si{z,x) = \^\l{z,ei{z){x)) and fi{z,x) = ^{z,£i{z){x))az). 
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Denote 



Si{x) = / Si{z,x)dzAdz and fi{x)= / fi{z,x)dzAd: 
Then, equations (|7.5j) and (|7.6|) imply 

5z(x)-^%a;"^0, and / /^(x) • u;" < C. 



The first assertion implies that y^5/(x) • y ^ strongly in L'^{M). Consequently, {Si{x)} 
uniformly converges to in (M \ Es) f] Fi. On the other hand, there exists a set E'^ of measure 
at most I such that 

liminf ( fi{x) • ^ ) < C{6), whenever x e M \ E'^. 

l~*oo \ UJ^ J 

Let Fs = Fc{Es[j E'^). Then 

mes{Fs) > mes{F) — 5. 
We proceed to prove that our theorem holds in Fs. 

Let us pick any point xq G Fs and fix it for now. Passing to a subsequence if necessary, we 
may assume (w.l.o.g.) that 

— ^( zo,xo) = -^{zo,xo) = e > 0. 

Here e > may be very small. The goal is to show that a uniform positive lower bound of the 
volume form ratio exists. Clearly, Si{xq) — > for any fixed compact subset^^ Next, 



liminf lfi{xo)-^{zo,xo)] <C{6). 

Passing to a subsequence if necessary, we have 

Mxo) < C((5,e,xo), 

in this subsequence. The main point is that it has a uniform bound in terms of this subsequence. 



^As a matter of fact, we may choose = [— ^, ^] and our claim still holds. 
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For any I, consider any holomorphic disc which passes through ( zo,xo) and denote it by: 

(%,5S)^(S(,)XM, (5S(,))xM) 

such that l{zo) = xq. It is easy to see that this holomorphic disc has uniformly bounded area 
in any fixed compact sub-domain (c.f. Section 4). Let 

gi{z) = log z ,iiiz)), Vz 
By definition, gi is uniformly bounded in the boundary d'Si. Then 

gi{zo) = log^{zo,£iizo)) = log^(zo,xo) = Ine, V/. 

Moreover, there exists a uniform constant C such that < C in the boundary d'S^^iy Since 

iiC^) is a measure set in S x M, the limit of gi{z){ z ^ 0) most likely have no bearing on 

log in S X M. However, we are interested in obtaining a uniform positive lower bound on e 
through this procedure. 

Recall that Corollary 14.91 implies that 

A, giiz) = S{z +^0,.^^''"^''^ kzAiz)) ■ 

Split gi = ui + vi such that 

and 

vi{z) = gi{z), V z E 9E. 
Claim: There exists a uniform constant C such that \vi\ < C. 

Recall that Corollary 14.2.41 implies that 
Note that (j)i{z, ii{z)) has a uniform bound in S;. There exists a constant C such that 
Consequently, 

A, (vi-CcPi) <0<A, (vi + C^i). 
By maximum principle, we have \vi\ < C and our earlier claim holds. Next, 

A, ui = Siiz,i{z))>0, 
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and ui |as;= 0. Obviously ui < (maximum principle). Moreover 

/j.^ e-"'(z) •C(^)d2 Adz < C J^^ e-^°3^iz) ■ Ciz)dz Adz 

= k (^^yz,£i{z)).C{z)dzAdz 

= f^Ji{z,'£iiz))-C{z)dzAdz 
= Mxo) < C{zo,6,e), 

For any small positive number 6i > 0, Theorem 14.2. implies 

0<A,ui = S{z,ei{z))<^, Vz G [-l + 6ul-6i]x[6i,l-6i]. 

"1 

These two conditions imply that ui converges strongly in W^''^ in any fixed compact sub-domain 
of (-/ + Si,l — 6i) X 1 — 6i). Moreover, 

A,ui\ = [ S{z,£{z)) = Siixo)^0. 

Passing to a subsequence if necessary, there exists a non-negative harmonic function Uqo in 
(— cxD, cxd) X [0, 1] such that for any fixed compact subset $7, we have 

weakly in IJ'{Q) for any p > 1; and it converges strongly to Uoo in C^'"(0 < a < 1) in any 
fixed compact sub-domain. Moreover, Uqo = in the boundary of this infinite long strip Sqo = 
(— cxD,oo) X [0,1] and 

e~'^'{z) ■ C,{z)dz Adz <C(5,e,xo). 



The only harmonic function with this growth condition in X]qq is a constant function. Thus, 
Uoo = 0. In particular, for any fixed sub-domain C (— / + 6i,l — 6i) x {6i,l — 6i), we have 
"U; — > strongly. In particular, 

lim ui{zo) = 0. 

It follows, 

loge = gi{zo) 

= ui{zo) + vi{zo) > -C. 

Consequently, we have 

^0 , ^ -C 

Note that we chose xq arbitrarily in thus the lower bound e^^ = eo holds for every point in 
-F^. Since mes{F \Fs) < 6, our theorem is then proved. □ 
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7.3 A regularity theorem for a C^'^ minimizer of the K energy functional and 
the weak "Kahler Ricci" flow 

In this subsection, we want to prove a regularity lemma for any C^'^ minimizer of the K energy 
in an arbitrary Kahler class. 

Theorem 7.3.1. Suppose G C^'^{M) is in the closure of Ti under weak C^'^ topology. If 
the K energy functional has a uniform lower bound in this Kahler class and E{(j)Q) realizes the 

( ^1 \ ^ 

infimum of the K energy functional in this Kahler class, then ( -= j is in W'^''^{M,uj). 

We want to prove this via the "Kahler-Ricci" flow 
Proof. Let (/>o(s)(0 < s < 1) be a 1-parameter Kahler potentials such the following holds: 

1. (/>o(0) = 00 and (^o(s)(0 < s < 1) G 

2. (/>o(s) has uniform C-*^'^ upper bound and (/)o(s)(s > 0) — > 0o strongly in VF^'P(M, w) for p 
large enough. 

Applying the "Kahler-Ricci flow" to this 1-parameter family of Kahler potentials 0o('S)(O < s < 
1): 

^ = log!^ (7.7) 

(/.(s,0) = Ms)- (7.8) 

Clearly, for each s > fixed, there exists a uniform C^'"^ bound for 0(s, t)(s > 0, < t < oo). 
However, the upper-bound may depends on s and in particular, it may blows up when i, s are 
both approaching 0. 

Claim 1: There exists a uniform constant C which is independent of the parameters s and t 
such that 

n + Ao(/)<C, V (s,t) G (0, 1] X [0,oo). 
Here we used A^, Aq to denote the Lapalacian operators of the Kahler metrics w^, oj respectively. 

During this proof, we use C to denote a generic constant which is independent of s, t. Taking 
the derivatives of the flow equation 1)7. 7() . we obtain 

d^^_^ fd(P{s,t) 



df^ ^ \ dt 



^''This is not Kahler Ricci fiow in the usual sense since we are not in the Canonical class and the first Chern 
class might not have a sign. 
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This implies that 

cj", , 9<ty(s,t) a<t>(s,t,x) 

-^i^ = e at < max e at 
^ x&M 

< max e at \t=o= max 

= max — - < C 

x£M U!^ 

In other words, we have a uniform upper-bound on the evolved volume form. 

Following the calculation in ^2], it is straightforward to show (for each fixed s > 0) 

(A<^-|)(exK-A</<)(n + Ao0)) 
> -exp{-X(t)){n^ inf(ii-n)) - A exp(-A0)(n - log -^){n + Aqc^) 

+{X + mHRiiri)exp{-X(P) ■ — (n + A(/))"-i, 

where Rfni is the bisectional curvature of the Kahler metric (corresponds to to) and A is a 
positive number such that 

X + infRfi^l > 1. 
Multiplying (-4:]" on both sides, we get 



(, .n \ — 
-±y (A^-9-^)(exp{-XcP)in + Ao<P)) 



> _e^p(_An)(n2inf(i?,M))(^^J - A e:Ep(-A</.)(n - log (^-^j (n + Aqc; 
+(Co + inf(i?,^n))exp(-Co<A) • (n + A0)^, 

^ j " < C) 

' A^ - ^) f > -ci - C2t; + cqv . 

where co,ci,C2 are uniform positive constants and u = exp{—X4>){n + Aoi;^'). Therefore, 

v{s,t) < v{s,0) < C. 
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In other words, there is a uniform constant C such that 

< n + Ao(/'(s, t) < C, 

provided that (t>{s,t) has a uniform C° bound. It is easy to see that we have uniform upper 
bound on On the other hand, at minimum point of (j), we have 

log4>0- 
a;" 

Thus, in the barrier sense, we have 

drain (j) 

Consequently, 

\^{s,t)\<C. 
This concludes the proof of our first claim above. 

For any sequence of number Si,ti 0, set 

(pi = 4>{si, ti), and (poi = 0(sj, 0) = (j)o{si, 0). 

Passing to a subsequence if necessary, we have that (pi converges to some C^'^ Kahler potential 
(po (strongly in C^'"(V a < 1) and weakly in VK^'P [p large enough)). Note that 0o does not 
necessary equal to (po even though tj, Sj — > 0! 

Claim 2: u'^ = uj^^ and converge strongly to in L^(M, a;). 

To prove this claim, choose an arbitrary smooth non-negative cut off function % (fixed) and 

- J 4 



M \^ 



hi I XI — ) = / X^<^iog-^- ( J u;;^ 



,n , ,n 



Jm 



UJ' 



The last inequality holds since the evolving Kahler potentials have a uniform C^'^ upper- 
bound and X is a fixed smooth function. Integrating this inequality from t = to t = ti, we 
have 
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On the other hand, converges weakly to in L^(M, cj). Then 

x('^] w" < lim / ;f('^*iy^" (7.9) 

The last equality holds since (pQ^ converges strongly to (pQ in W'^''^{M,lo) for p large enough (by 
our assumption in the beginning). This holds for any non- negative smooth cut off function in 
M. Consequently, we have 



< ^ < 



4>o 



a.e. in M. However, 



Consequently, 



M w Jm ^ 



^^-u;" = vol{M)\ 



^l^^l (7-12) 



in the sense of L'^{M, to). The uniqueness of C^'^ solution to the Monge- Ampere equation implies 
that (j)Q = (pQ. In particular, this implies the K energy E{(f)i) converges to E((/)o). 

On the other hand, the equality (|7.12j) forces equality in (|7.9|) - (|7.11|) to hold. In particular, 
we have 



^2 \^ r 



X\^\ lim / 

Thus, converges strongly to in L^(M, w). Our second claim is then proved. 

Now we used these two claims to prove our theorem. Consider E(s,t) = E((/)(s, t))(0 < s < 
1 and < t < oo). Set 

A = inf EU) > -oo. 

<t>eH 



By our assumption on (/>o, we have 



E((/>o) = ^ = lim E(0(s, 0)) < E(s, i), V s > 0, t > 0. 
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For any fixed number cq > 0, it is straightforward to show that there exists a sequence Sj, U 
such that 

_ ^ dE{s,t) I 

= Im log S A<^ta;^ \s,m ' Im 'liRH^o) - R^4>) ^ 1^.,*. 
= -/^ |Vlog^|2a;^|,^,,_/^ (log^-C)(i2zc(a;o)-Ea;^)Aa;^-M.„t, 



!m iVlog:;! 



|2 , 



Here c, C are some uniform positive number such that 



log4<C + l 



and 



Thus 



Ric{ujQ) — Ru)^ < cu. 



Im iVlog^P '■•'^ 



n-l 



< co-cfj^ (log ^-c){u; + V^dd(i>i - V^dd^i) A uj;: 

log ^ - C) ^dH, A c.;-! - c (log ^ - c) 

< co-c/^ V^aiog^Aa<A.Aa;"-^-c/,, log^-C 



ITT 



< C(6)+ce/^ iviog^l^^o;^. 
Choose e small enough so that c e < |. With this e, we have 



Letting z — oo, we see that 



2 , ,n 



= C'/«|Vlog^|irf<C. 



/ 



a; 



Since = we have 



The theorem is then proved. 



M 



□ 
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8 The Problem of uniqueness of extremal Kaher metrics 

Following notations in Subsection 16.21 Suppose (pi is also a constant scalar curvature metric. 
Then 

i;(0o) = i?(0i) = A. 

Since 

holds uniformly (independent of /), there exists a subsequence of (^'•'^ which converges to (/> E 
in the weak C^'^ norm. Following Theorem 16. 2. 11 for any point {s,t) G ^i^, we have 

lim E((/.(')(s,t)) = A= inf E(0). 

l^oo <I><=H 

In the discussion below, we fix an aribitrary interior point (s,t) G Si''. Theorem 17. 1 . II implies 
that a;^{;)"(s, t, •) converges strongly to uj^{s,t,-). By Theorem 17.2.41 we have — > eq as 

long as it is positive. The set of points where the volume ratio — —pi — vanishes must have 

measure 0. Otherwise, it contradicts with the fact that y - „ — is in W'-''^{M,Lo) (cf. Theorem 

rrxTj) . Thus, 

for all points in M except at most a set of measure 0. Normalizing this volume ratio in the 
sense, we obtain 



^1,1 



> eo,V a: e M. 



Since </> has uniform C ' bound, this implies that 

uj^{s,t, •) > Co a; 

for some positive constant cq. In other words, the metric (7^ is equivalent to qq. For any locally 
supported test function ^, we have^"^ 

log -^v^dd^ A 4"-'] = / e(iiic(^o) - ^0) A J;~'\ 

M ^ ' - Jm - - 



■^^In any fixed open set, co^ can be approximated by a sequence of smootli Kaliler metrics such tliat all Kahler 
metrics in the sequence has a uniform positive lower bound. Thus one can do small deformations in the arbitrary 
direction. Consequently, one can establish the Euler-Lagrange equation in the weak sense. 
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Write 

= [^ap + dw- dw^ = g,^^-, dw- dw0, 

and 

Since log / is in W^''^, we then have 



n-l 



- L -0^^ ^=-Jm ^^"""^"^^ " 

for any locally supported test function ^. Hence log / satisfies the following 2nd order non-linear 
equation weakly: 

Note that this is a uniformly elliptic second order non-linear partial differential equation with 
uniformly bounded coefficients, while the right hand side is in According to the Holdier 

estimate (due to De Giorgi), there exists a small constant a G (0, 1) such that log / G for any 
interior points. Since dM = 0, this implies that / is C"(M). Appealing to the Monge-Ampere 
equation 

['^^-^ + 9^ j = ^' 
it follows that ^ G C^'°. Returning to the original equation of divergence form, we have 



Here the left hand side is a uniformly elliptic operator with coefficients, the right hand side 

is also continuous. The standard elliptic regularity theory implies that log ^ G C This 
in turn implies that (j> G C^'" or the right hand side is in C^'" • • • . Repeated boot-strapping 
between these two equations shows that (/) is smooth. Consequently, it must be of constant scalar 

curvature. It is easy to see ^ = 0, and (p{s,t){0 <t<l) satisfies the geodesic equation: 



where 
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The second variation of the K energy must be identically in the direction of t, which implies 



[\t[ 

Jo J A 



= 0, Vq,/3 = 0,V l,2,---n. 



or 

Thus, this path represents a path of holomorphic transformation. The uniqueness is then proved. 

Theorem 8.0.2. In any Kdhler class, the extremal Kdhler metric is unique up to holomorphic 
transformation. 

This concludes our proof of Theorem II. 1.11 

9 Appendix: Loop space of Gl{n,c) and holomorphic discs 

The purpose of this appendix is to give a proof for Lemma K-i.l-i.lL The lemma is more or less 
known to experts in the field, although it is difficult to find exact statement in literatures. The 
proof presented here is shown to us by Professor E. Lupercio. It uses some standard theory of 
loop groups. We will be very explicit in our presentation here for the sake of completeness. 

To simplify the following explanation, let us suppose that G = GL„(C). The loop group CG 
of a Lie group G is the space of maps from the unit circle S"^ in C to the corresponding group 

G. In this note, the space CG is endowed with the structure of an infinite dimensional polarized 
manifold. By a polarization of a vector space H, we mean a class of decompositions © H- 
that differ only "by a finite amount." A manifold is polarized if its tangent bundle is polarized 
at every fiber. 

There are several important subgroups of the loop group that deserve consideration. The 
first of them is the subgroup £^GL„(C) of loops 7 S £GL„(C) that extend to holomorphic 
maps of the closed unit disc on the complex plane 7 : — > GL„(C). 

The loop group has very important homogeneous spaces that posses very nice geometrical 
interpretations. The most important of them is the restricted Grassmannian of a Hilhert space 

H. The fundamental idea is that the loop group acts transitively on the restricted Grassmannian, 
and the stabilizer of a point is the subgroup £+GL„(C). This action thus realizes the restricted 
Grassmannian as a homogeneous space for the loop group of the form >CGL„(C)/£"^GL„(C). 
To define this Grassmannian, we need the concept of Polarization for the Hilbert space. Let 
just say that if we realize our Hilbert space as the space of functions on the circle H^'^'^ = 
L^(5\ C") = H ® C", then the natural polarization for i/^") is given by 



= © /fi") (9.1) 
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where consists of those elements of i?^"^ that are boundary values for a holomorphic map 

on the unit disc D^, and is the orthogonal complement of in H^"'\ In other words 

H^^^ is the space of functions f{z) so that in its Fourier expansion no negative powers of z 
appear. 

Wc define the restricted Grassmannian Gr(i/(")) of to be the space of all closed sub- 
spaces W of so that the projections W and W are respectively a Fredholm 
and a Hilbert-Schmidt operator. This definition is crafted in such a way that W is then 'com- 
parable' in a suitable sense with That is to say, the decomposition W © W-^ is also a 
polarization. With this definition, the restricted Grassmannian is an infinite dimensional com- 
plex manifold with charts modeled on the Hilbert space l2{W; W'^) of Hilbert-Schmidt operators 
W W-^. This shows that the restricted Grassmannian group is a polarized manifold. 

More relevant to this discussion is the Grassmannian Gr^"^ C Gr(i?(")) consisting of those 
W G Gr(i/(")) so that zW C W. The index of the projection W H^'' is called the virtual 
dimension of W. The virtual dimension index the connected components of the Grassmannian, 
that is to say that it can be thought as an isomorphism 7roGr(ij(")) = Z. 

If we let the loop group >CGL„(C) acts on i^^") by matrix multiplication (every element j{z) 
of the loop group is a matrix valued function on S^), then the action induces a corresponding 
action on Gr(") - this is the purpose of the condition zW C in the definition of this Grass- 
mannian. The action is transitive and the isotopy group of i/^^ is precisely Z1+GL„(C). This 
produces the identification /:GL„(C)/>C+GL„(C) ^ Gr^"). A version of the maximum modulus 
principle furthermore implies that 

nUn = CUn/Un = >CGL„(C)//:+GL„(C) ^ GrW. (9.2) 

There is natural stratification of Gr^'^^ whose strata are indexed by homomorphisms 
GL„(C). Every such homomorphism can be written in the form 



z"^ 



( z^^ \ 



z 



where k = {ki,k2,k3, . . . ,kn) is an integer partition of the non-negative integer number k, 
namely ki + k2 + ■ ■ ■ kn = k. 

The Birkhoff factorization theorem^^ establishes that any loop j{z) G >CGL„(C) can be 
factored in the form 

= 7- (z) (9.3) 

^^The Birkhoff factorization theorem is equivalent to the theorem of Grothendieck that states that every holo- 
morphic bundle of rank n over the Riemman sphere can be uniquely written in the form of powers of the Hopf 
bundle O(fei) e • • • 0{k„). 
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where 7+(z), 7_(l/z) G £+GL„(C) and k is well defined up to the ordering of the fcj's. 

We will say that k is the multi-index (or Grothendieck index) of 7(z) whenever equation 19.31 
holds. We will tolerate the ordering ambiguity in this definition. 

Let us return to the description of the stratification of Gr^"^. Notice that given a loop 
7(2;) € £GL„(C) of index k, then multiplying on the right by any element (p+{z) G £"'"GL„(C) 
will not affect the multi-index, that is, 7(2)^+ (2) still has multi-index k. ^Prom this we conclude 
that the multi-index is constant along orbits of the right-action of £'*"GL„(C) in £GL„(C). In 
other words every point of Gr^"^ has a well defined multi-index. 

Let us define £~GL„(C) by declaring that 4>-{z) G £^GL„(C) if and only if (p^{l/z) G 
£^GL„(C). Again the action of £~GL„(C) doesn't affect te multi-index of an element. Then the 
orbits of the action of £~GL„(C) in Gr^""-* are precisely the same as the sets of elements in with 
the same multi-index and all its permutations. This is once more a consequence of the Birkhoff 
factorization. To avoid the problem of the permutations we will have to consider a smaller 
subgroup N~ of £~GL„(C). The group N~ consists of those elements in 7_ G £~GL„(C) so 
that, 



7_(cx)) = 



/ 1 


* * 


* 


\ 





1 * 


* 







'•. 


* 




V 





1 


/ 



For every partition k of /c (and here the order is important) we define the subspaces 
G Gr(") as 

00 

= z'^H^:^^ = {f{z) = (Mz), Uz)) : Mz) = a^z^ , a] G C}. (9.4) 

j=ki 

and we define to be the orbit of under the action of £~GL„(C) in Gr*^"). 

Define now Sk to be N- -HkC Gr^") (a gain, the order in k in important.). We have 

Proposition 9.0.3. The set of all elements in Gr*-""-* of multi-index k is precisely S^. 

Proof. Take any element 7(2) G £GL„(C) of index k, and write W = j{z)H^^ G Gr^"\ Using 
the Birkhoff factorization jiz) = 'y-.{z)z^j^{z), we have W = 'y-{z)z^J-^-{z)H^'^ = 7(2;) = 
'y^{z)z^H^^ = 7_(z)ifk- It follows that every W is in some S^. □ 

In fact, a more refined statement is true. 

Lemma 9.0.4. For every W G Gr^"\ there is a "y~-{z) G and an k so that W = 7_(2;)-ffk- 

Proof We use the^Pressley-Segal identification of = ^^(^i^C") ^ L^{S^,C) = H given 
by (/i, . . . , /n) ^ /(C) = Er=i C'^fiiO- We define W = [j^Wr\rH_.. Choose an algebraic 
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vector space basis of W by considering the subset of W consisting of elements of the form 
(^^ + X]fc=-oo ^fcC^; ^-iid choosing one such element for each possible value of s. Call S the set of 
all the values of s appearing in this construction. Denote by Ws = + Ylk=^-oo ^fcC'^ the chosen 
element so that our basis is = {ws- s G 5}.. Let Hs = {Ylses ^f'^^} ^he Hilbert space 
generated by the C^. We may suppose that the orthogonal projection W — > Hs sends Ws i— > 
(by using reduction of the basis B to its reduced echelon form.). This induces an isomorphism 
W = Hs- Since zW C W, then s £ S implies s + n £ S (cf. p. 98 in |^). There are n elements 
in 5 so that r j — n is not in 5, and 5 = UggNi^i + 9^' ■ ■ • > + qn}. Writing = nki + i — 1 
we conclude immediately that Hs = H]^. 

We can find the element "f-{z) we are seeking for using the isomorphism W — > by 
the following procedure. We define the smooth function Vi{z) S to be the element in W 
that projects to (0, . . . , z'^*, . . . , 0) = ^^-i+'^'^i = (^'^i ^ go that we can write a basis of W as 
B' = {z^Vi{z): 1 < n,k > 0}. The matrix of smooth functions v{z) = {vi{z), . . . ,Vn{z)) 
defines an element in £GL„(C). Clearly v{z) ■ H^ = W. Define 7- (2) = v{z) ■ z^^. Then 
^~{z) • -ffk = W. Since v{z) projects to (0, . . . , z'^', . . . , 0) G /fk then yiiz) = Vi{z)z~^^ projects 
to (0, . . . , 1, . . . , 0) G therefore no positive powers of z appear in th expansion of ^-{z) 
and moreover the constant term in the Laurent expansion 7_(oo) is upper triangular . We also 
have that degdet7_(z) + v.dimW = v.dimHif^, and therefore degdet7_(z) = 0. From this we 
conclude that 'y-{z) G iV^. □ 

Proposition 9.0.5. The Grassmannian Gr*-"^ admits a partition 

k 

Moreover, each is the union of the Sk 's for all permutations in the order of k, namely 

^k = IJ Se(k)- 
ee5„ 

Proof. It is easy to see that for each permutation e we have that i^e(k) ^ ^k ™^ hence D 
\_}^^Sn ^e(k)- Since the whole Gr*-"^ is the disjoint union of Ej for all possible j and since C 
£~GL„(C), it is enough to show that E^ does not contain any H^ for a j that is not a permutation 
of k. To see this, we associate a sequence ijj{W) to each W by ijJi{W) = dim(M^ n QH^). It is 
immediate to see that the sequence uj is £^GL„(C)-invariant, and it nevertheless distinguishes 
//k from H-j (because of the proof of the previous proposition we can recover the ordered multi- 
index from Lo.) □ 

Finally, we are ready to restate Lemma 13.3. II here for the convenience of readers. 

Theorem 9.0.6. The set Ek is a contractible suhmanifold of Gr*-"^ of codimension 

cd{k) = '^\ki - kj\ - Q{k), 

i<j 
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where £»(k) is the number of inversions of k. 



Proof. Let us define an open neighborhood of ifk- Let Lq C C GL„(C) be is the subgroup of 
elements j{z) so that 7(00) is the identity matrix. Consider the map /:GL„(C) ^ Gr(") : j{z) ^ 
7(z) • Hy_. Let ?7k be the image under this map of z^LqZ~^. Clearly iJ^ G ^k- 

Now C/k we prove that is an open set. Here we return to the proof of Lemma 9.0.4 (1?). When 
we proved that 7_ (z) G A''" we should point out that the same argument actually proves a little 
bit more. Indeed we have that z~^Vi{z)z^ G is of the form {0, . . . ,1, . . . ,0) + h-{z) e H where 
h-{z) G H-. Therefore j-{z) G z^LqZ^^. Without loss of generality we assume k = (0, . . . , 0), 
otherwise we shift by the appropiate z^. In this case the Birkhoff factorization can be refined 
to state that every loop 7(2:) factorizes uniquely as 7(^)7+ (z) where ^-{z) G Lq and ^+{z) G 
>C+GL„(C). This implies that Lg ^ Uq is an open chart of Gr(") = £GL„(C)/£+GL„(C), and 
therefore ?7k is open. Also notice that this argument also implies that Sk C i/k- 

We want to show then that the codimension of the inclusion Ek ^ is given by the formula 
of the statement of the theorem. Since we know that in the proof of Lemma 1 we actually have 
^-{z) G {z^LQZ~^)f^N'~ . In fact >CGL„(C) Gr^"^ : 7(2) 1-^ ^{z)-H]^ induces an identification 
{N~ n z^LqZ^) — Sk. We claim that the multiplication in >CGL„(C) indices an identification 
{N~ n z^LqZ~'^) X {N+ n z^LqZ~^) — >■ z^LqZ~^ = Uk, where is just as N~ except that we 
talk of lower triangular matrices. 

All that remains then is to compute the dimension of N'^ Dz^Lq z~^. This is done as follows. 
By taking Laurent expansions of the entries of cn clement 7(2;) G {N~^ n z^LqZ~^) we conclude 
that for i < j then yii{z) = 1, ^ij{z) = X^fl^'^-' ^ aiz^ and 7^^ = Yl'iLo''' ^ ".[zK By counting 
coefficients we obtain the desired formula. □ 

Remark. Notice that the proof of the previous theorem actually shows more. It shows 
that the codimension of elements 7(2) of multi-index k inside £GL„(C) is given by the same 
formula. This is done by considering {N~ n z^LqZ^^) x (A^+ n z^LqZ~^) x C~^GLn{C) instead 
of {N- n z^LqZ-^) X {N+ n z^LqZ-^). 
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